
 
Assumefamiliaritywithdiffgeem tiegroups

I Riemannsurfaces andholomorphic functions
A Riemannsurfaceor complexcurve is a 2ddealmanifoldwith a
distinguishednotionof holomorphic functions

D Firstdefinition
A Riemannsurface moregenerally a complexmanifold isgivenbythedataofa

Haussdorflocompact topologicalspace X with an complexatlasHoiQi
Ui is acoveringofX
Zi homomorphismsfromUi Vi C
sothat z i oÉj'aie holomorphic

open
Then a holomorphicfunctionon Vc X is amap f V

sothat f i fozi is holomorphic
OU Lspaceofholomorphicfunctions on v

Amap Y X Y is holomorphie if it iscontinuousand
t voie TE COCHIN

is biholomorphe if it isabjectionandbothT Étale holomorphic
Example LetH zC I Imz 0 homographies z aztbc.azd
then BiholHD homographies Paz R
einhigherdimension complexmanifold

2 Seconddefinition an almostcomplexmanifoldis a real manifoldMequipped
withasection JE PCEndTM so that J 1

Vx CM Isc T.CM2 5 1

A holomorphicfunctionis a C functionVcM CIsothat
df o J i df

D inhigherdimension holomorphic functionscouldberare



Example Anyoriented RiemanniansurfaceCie surfacewitha Riemaniann
metricg has an almostcomplex structure Je rotationbyEvi Ics
ObservetwometricsgivethesameRiemannsurfacestructure iffthey are conformal
Thatis ginga A CCES

Any Riemann surface farce is a Riemannsurface force
withthesameholomorphicfunctions

Theorem an almostcomplexsurface is a Riemannsurfacewiththesame

notionof holomorphic functions existenceofisothermalcoordinates
saProvethatthereexistslocalholomorphicfunctionsfarce

nottruein higherdimension

Uniformization theorem

AnyconnectedsimplyconnectedRiemannsurfaceis biholomorpheto LH or S2

Corollary AnyclosedRomansurfaceadmits a constantavatarmetric

uniqueup toscalarmultiplication

Corollary If sis a Riemannsurfaceofg a then S x Hp
where it G à PC PMR



Il Holomorphicobjects

take S underlyingsurface to a RiemannsurfaceX

let Tes S Tes HornTS e complexvalued forms
T S u I Wta inter X complexlinearforms

TÉ'S w I u tre w u X complexantilinearforms

1f UCS R Ya sectionsoverUof Te x

a sections Uof T X

Obviously

d 0fr M
d f d f QUI M U

A 1 form a on UCX is holomorphie if theEU thereexists

CVfx and fi fr G g r C GK so that
co fidgi on V

Wealsosay x is an abeliandifferential anddenote
by was thesetofabeliandifferentialsoverU

Proposition

i Anyabeliandifferentialisclosed

Lü If z is a localcomplexcoordinatethenanyabélien
differentialis ftgdzwheref isholomorphic
locallyanyabeliandifferential w dh where hisholomorphic

Holomorphicvectorfields Avectorfieldis holomorphic if farevery
holomorphic differential au g is a holomorphicfunction



Exercise Showthat is holomorphic J 0
where JE T End B givenby

J X JB X 53

Higherdifferentials

y
A ni differentialdefinedon Uisa sectionof SyncT on U

Definition a micdifferentialis holomorphic if locally it canbewritten

Il a iEifigiYwhoefisgiaieholomaphicEXerise
lfwis a holomorphicdifferential it canbewrittenas

w ftgdz in a complex chart
II Holomorphicvectorbundle
A holomorphicbundle is a vectorbundleruthanotionof holomorphicsections

1 Definition
let Xbe a Riemannsurface and Ex a familyof

vectorspacesindexedby x 1fUopenC X atrivialisationga
is a familyofisomorphismes g Ex Eu forall x en a

Twotrivialisation quandgrace holomorphically compatible if
unV HornEce Ev
z géo à j
aie holomorphic



AholomorphicvectorbundleLes a familyofvectorspacesindexedbyX
togethernithcompatibletrivialisation gai wherethis a comingofX

A localtrivialisationoff is atrivialisationcompatiblewithallthegui
A holomorphicsectionofE overU is amap U t.huEx y U

J so thatforeveryxo EU
thereexistsa localtrivialisation gr et

sothat y gyug is holomorphie

WeshalldenotebyELU thevectorspaceofholomorphicsections
over U

If Lifeare holomorphieover X Y let F E Te a bundlemorphisms over
f X Y is holomorphie if givenanyholomorphietrivialisations Elu EuxVi

7h IN so that f a CV then
Eu F Texte
à à thento Cn x Gta x f1xD

EuxU Ex

is holomorphie Inparticular fiisholomorphic Actually it isenoughto checkthis
proporterty fartrivialisationsdefined over a coveringExercise defineisomorphisme

Algebraicconstructions 1f Les a holomorphicvectorbundle thenEtesholomorphie

1f furthermoreTesholomorphieso aie E Te E f

2Definition Cauchy Riemannoperatoron

J GK cl roi x
f 5f df u Idf a idfstud

f holomorphic Jf O
J fg Jf g gJf
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