
 

Theheatflow
Lt f amapbetweenRiemannianmanifolds N M

Recall that

1f IfXxi C PIN FEM
and

Elfe f 1f du
Firstvariationformula
A family ft is asolutionoftheheatfleur if

2f Afat
1f Miscompactand f enquivariantsectionof
then Elfe f4Dflfdp

Goalshow
inthegoodcases that ft f

ASThelinearsituation M R inthissituation one cansolve

explicitly bytaking

Theorem Assuming Niscompact

Theeexists functionspeuy IR x Nxt so that

ft x Svpc x g fly dy
aie asolutionofthelinear heatflow

fr Dft with fo f
pt x g is the heatkernel



Wehavemoreinformation

Proposition A letgo.beafamilyof functionspositive
o

wheichsatify getEdge
i 4Gthe is deceasing
19EME Kf19

t.elyldy.snlet x themaximumofget then AgeEO andthus x Eo

Forthesecondpart let ft bethesolutionoftheheatflour
with f g letht Ge fe thens s

he I she

ttfollowsthat Sup ht is non increasing Sinceles 0

Itfollowsthatforall tss ht 0 thusGt E ft
then we justhaveto prove lid for fe

t
gadodefstel E Ifs gpoly gdyydy

whichis a resultknown fromtheheatequationusingthe

heatkernel feed Jpg x g f gdy
sincepaixg is bounded f x E Kff1gdy Bbse



AbidTheheatflairés a quasilinearflow

letuschoosecoordinates onthetarget so thattheLevi
Civitaconnexionis Wittenas D D A whereDis trivial

Thentheequation is rewritten
0

ai 3 1f G Df f
d

t quadraticenDf
O

whereD isthelinearLaplaceoperatoronfunction

Df Iuiai f

B Forany fo M N thereexistsceshorttimesolution Blackbox
ft deferredon f0 E with Eso

Ideaforthat M
Ideallywewouldhavelovedtoconsider

theBanachmanifold CHM N andshowthat

theheatfear is a vectorfield on CEM N
Thisisnotthecase if f is Ck thenDf isCk2

Thisisalready a problemwhenNERV Nevertheless

in thatcase we cansalvetheproblemThestrategy is then
Usingcoordinates towritetheheatflowas a

perturbationofthelinearheatflow Thenby



a contractionargumentshavlhattheperturbed
linearflourhas a solution
12k thesisagenoalfactaboutparabolic quasilinearflour

Weak Schauderestimates secondblackbox

Moreover onehasthe Schauderestimates

Fn o R 0 C compact en M NT
J K R R dependingon C n R
sothatif f heinC for t e sont
1MFF.clcoEEfefzpepyKltTfosli

t ELs t

MASomeremarks

a we canconsiderthequasilinearversion

f 5ft GCDf f g

Resultsfromthe lineartheorytellsyou
IlD'f 11 E klfollpxto.fghpxo.rs

thustheresult farm 1 follows

b To obtainhigherderivatives youdifferentiate theegualionabove

o Df XDf DECDF f
GIDE Df f

yaura bootstrap togettheresultBoo



Dj When tes completewith K 0 thentheheat flow
is defined on f0

Thisuses someinformation
Let et HTfelfi We Ilsfelt
Thenexplicitcomputationsusing K yieldsthat

Diop awe o

j EnAwe i 3ft See Re
Where Ronlydepends onthesource

Consequence i 11251funiformly boundedat
B ici HTfelluniformly bounded fort exo

ü Assuming ft staysin a compactregion

Il fecal aieuniformly bounded

A i is adirectconsequence of x and A i

ii let et exp Rt et thenJEte set thusby Alii
E O i ette E et thus et E E Ka fet KaElfe Et fo

is aconsequenceofSchauderestimates is
Then longtimeexistenceof theflourfollows

f si s to then

HfsHer aie bounded i 71
Thus fsfsfso using 1 Ascolitheorem

EJ Whatabout t os

proposition Assume ftp.c.sy.in M
forsomesubsequence then
fei f and f isharmonie



as a consequenceof ourpreviousestimates
Ci HTftiIl isuniformlybounded
thus ft lo fit os

ü thususing B ü ft f
Andmoreover

Jt I t KM Asolutionoftheheatequationfor fo
definedon 1 IL

Howeveras ts Elf s Effet 0 Vs
implies that fartheheatequation for ft
El ft cst i hence ELFE O
Huessince ELFE f111f91dce
1f10 and foisharmonic

À up to her thisis exactly Eels Sampsonproofandresult

1 proposition 1f d ftLad folxD es then

PCP preserve a Baseman function

ftilx h a Baseman function

we know that ftp.yxjpcoshbutdlftiljlxdftilxDEK
Becameof our B i

thus h h i

Corollary 1fpcr doesnotpreserve aBasemanfunction thentheheat

flowconvergesto a harmonicmapping



Theorem AssumeMis a symmetricspacewithouteuclideanfactor
Colette Assumepas c boM is reductive

Thentheeexists anquivariantharmonicmapping

EH letWbethetotallygeodesicsubspaceassociated

toH then W Rk xWsx Nn

H boWi is surjective attheleveloftiealgebras
then Êtes Zariskidensein boWi Iso Wi issimple

Thuswe arereduced to

a thelinearcase harmonicfunctions

b thecasewhere DisZariskidense.in a simplegroup
ThenXP doesnot preserve a basemann function thus

theheatflowconverges

Remark theconversealsoholds Essentially thiscornes

fromthefactthaten 1k 1 if youpreserve a Basemanfunctionoff
andQt is thegradientflowofbe then Q decreases

strictlytheenergy


