































































































I Reliminayon contractingmaps

7 Contractingmap
Xmetricspace
X X iscontracting if J KI sothat

dŒ dixg
ThinIBanach1922

If Xis complete nonemptyeverycontractingmaphas a
uniquefixedpoint

A Sketch x ne is a Cauchysequencethatconvergesto afixedpointDr

Someimprovement
Y1f xg x is C X XandJ X 1st thatforall z EZ
d z x y Ddtg

thenthefixedpoint gg of ydependscontinuously on y
Exercise variousprof

thefixedpointsof a continuasfamilyofcontractingmapsdependcontinuouslyontheparameter

Assumefurthermore XYale Banachvectorspaces and Vis Csthengis C1

toy Ca 7contracting IlDgg µ EX a

thus 1 Dg isinvertible
z

Youcanapplytheimplicitfunctiontheoremtotheequation
X x 0

theresultfollows DE


































































































Remarks

1 Bythechainruleappliedto Qggts gz
YouobtainanactualequationDzg FEYglz forsome F
2 Ther wecanpromotebybootstrapping if VisCkCw
thatg is Ck C

3 InallythisextendswhenX Z ale Banach manifolds

II Bundlecontractingmapping

detMbe ametricspacei a Lipschitzbundlewithfiber
XoverM is a metricspaceN togetherwithamap

A N M
admitting local lipschitztrivialisation

N Élu AU withthesupmetric

Msud
Thefiberat me Mis Nm m

T is theprojection or fibermap N isthetotalspace M is the base

GivenQ M M a bundlemapover is a map N N
suchthat NmC Num
Asection is a map6 fromNtoNsuchthat I o o Id
Example

Dthetrivialbundle N MxX thenbundlemapsaiejust
familyofmapsfromXtoXdependingon aparameterun M
thensectionsaremapsfrom Mb X


































































































2 Vectorbundles Grassmannianbundles

A contractingbundlemapis amapoverof is a bundlemapdoverQ
sothattheeexists K1 sothat
Hm AxyC Nm d x 1dg dixg

Givena bundlemap a fixedsectionis asectionssothat
Mm 89 m

Anotherinterpretation

Let P section of it N M Abundlemapdefines

m câlin Q t 2

l'Assumingclésinvertible
a fixedsection is afixedpoint in P of Q

Theorem Existenceof afixedsection
Assume overQ is contracting assumeMiscompactand
Nis complete andthefiberis contractible
Then admits auniquefixedsection

Let To bethespaceofcontinuoussectionsequippedwith
dosK 2 pudlobd.nlxD

ThenPoiscomplete is contractingthuswe canapply
BanachtheolemDo

Application contralizers

Byuniqueness if VI M2M overY commuteswith
Thenbyuniqueness 4 5 6 if o is friedby


































































































Say iseventuallycontracting if z vso sothatde'scontracting Then
thetheoremholdsfareventuallycontractingmap Obsevethenotionof
eventuallycontractingis independentof thechoiceofmetricstoilipschitzequivalent
Corollary if is aflowoverEh if Qt is

contractingfar T 0 if is aflowbybilipschitz
map Then I aHolderinvariantsectionfor all t

III Theregularityof a fixedsection
Assumingweare intheC1_category Q
M N aie Ca ls 5 Ca

Ingeneral Nf noeasycounterexampleatthisstage
BO Inspecialcases 4 Identity yes thisisthe parametertheorem

above

Howeverwehaveanimprovement intheHolderCategory

f X2 is x Holder if thereexists Ksothat
deflx fly Kd x g

Tlm Holderregularity HirschPugh Shub
AssumethatCi is 7 contracting andLipschitz

ci Q isinvertible and 4 is k lipschitz
let x sothat 7k 1 x 1

Thenthefixedsectionis x Holder

Rf suchan a alwaysexistssince As 1


































































































Letusconsiderforevery 5 and x 1 E 0

Vélo sup Ëtes
o dixg Et d x g

letusconsidertheSpaceof Holdersections

ICHa x P vélo EH
Thenwehavethefollowing steps

ICH a comesfromthelocallipschitz structure

UsingthecompactnessofM f oEICHx
then ois a Holder Moreover t H a isclosed in t

letusunderstandtheactionof on H x Toconclude

wejusthavetoshowthat Melty Ctf Hp
Assumefirstthat Nisthetrivialbundle N Mx

withthemetric d km m'D SupDHx dlm.mg
thenthebundlemapis
Qcm n Qcm Tm u

asectionis amap f M 6cm Cm f m
let 6 E TCH x

dlloklxD.dkyD supdlQ1x9lyDsdYxlflxD.Yy ftyD
MaThecrucialtermis

AHg dcvbdftxD.MY
ftyDLdl4xfflxDVxlftyDtdvxlfly vylf y
Hd x y A dix y usingthefactthatFETCHx


































































































Wherehisthelipschitzconstantof Y
A ok FryD dcollocélx loco à yD

à dixg XHd 4 x 9type 1 dGtx 9 y
dixg Hnk là Hdpsy

a

thus Va d EH Boo

Thus t H a 2

Actuallythecomputationis localin x y weare

onlyinterested inthesituationwhendixg 0
Thuswecanassume x y C atrivializingopensetlychoosingasmallenough
Thenwecan lemmethecomputation Dta

Exercise whathappens when 7k 1 i ie a 1
7H 7k It k f H

Il Theparametercase

Assumenowthatwe are in theparametercase thatis
wehave a family9gofmappings M2M i z EZ
coveredbycontractingbundlemaps1ozWhatcan wesoyaboutthefixedsectionOz
Theorem withparameters

Assume Z MN zin 1ozn are respectivelyCfc Cw
then z Ozis a CgcCwmapwithvalues in P Hddersections


































































































Dominated splittings
Anosov bundles

II Splitting bounded splitting

Let E be avectorbundle asplitting E U isthedateof
adecomposition Ex Ux Vx ateverypoint sothat dimUx and
dimKc areconstant

A splittingis bounded if ÙNTnEx f0 tardx where à
andTaethedoneof UandV as subsetsof E

I Dominatedsplitting letus assumethat E Mis avatarbundle

ii Assumethat is a linearbundlemapoverQ a subbundle
UCEisenvariantif a CU

für Givenaninvariantboundeddecomposition E Het
then wesoythat U dominates V UX if J x o z n

n
sothat tu eu toi et Y f affun
Remake et Ildîchu Il Ily IDK


































































































u v
Corollaryp 1f E UN and KU forOf

Ithen EE Welt und UK V far
Cii Assuming compactnessofM In sothat

m

UN far hm told
m os Holmanµ 0

Proposition every dominated splittingiscontinuous

A let x x let Ux Ux Vx ç Vx afterpossibly
extractinga subsequence

Ourgoalis toprovethat n U t Vx x x x

if n'CU v C V wehave

Hollow
my E

7LEY X1 inparticularE n'a Ça

steps let us showthat t du Kv
Dpg let v EV then t

Voy i letuswrite no n'a vis
v

Observethat n'eO Otherwise notOand H d Il Il no Itv Tu Il
andthecontradiction ThusnoC UnV and thenvoC Vnv Ba

Step2 Assumenow that V V then UN f0 let WoE UnV do

ttfollowsthatU U andthus UnV 40 let vif C UnVito
Then t QUI 0 becamewoCVWsCU i

Il TWIN
and Ywo os becausewoCU W C V

Il twill
Thisisthecontradiction Et



































































































































































































sincetheactionof on HomUxUx iscontracting isalsocontracting
on B Thus is Vis Hodder

ici Far asmallperturbationof is

stillcontracting henceyoualsohavea dominatedsplitting Æ
Extensions i E E Enwith Ei Ej i f i j

Ent Eh Ek t ED
thesameholds

NIFlowsandconnections centralleaves
Wewillmainlybeinterestedinthefollowingcase

Qt M M andDis a flat connectionon E
theflot Yon E is theparalleltransportalongLe
Thus FCE ni invariant FoisAalongQt

let beaflowon M A set d onMis centrallystable il te 0

tocyCd Jzo zen mthzo x.gr Y i ft O d 9 zi 9 zu LE

Example Horosphees horocycle v r tothegeodesicflow
Let L bea set VCE isAalong L if Hx y te there
exists30 zen 30 X zn ryinithz.CL BCzi E istrivializing

farD and
E isconstantalong Btzi E X isconstantalongthetrivialization

Proposition let E F Tz with F En v r toQtthen
Foris Aalongstablesets


































































































MA UsingthecompactnessofM let x so sothatBK x is atrivializing
opensetof E forall x einM Then if yCBx x
Hag Ex Ey theparallel transport welldefined

Thusfort largeenoughk

17

Y Butsince F2is anattractivefixedenthepast
Wehavethat

d FÉ Hqegq.tn Ey 0
Il

Hyx
thusFEisparallelalongstableleavesBG

IIITwoimportantexamples

Applicationla Fuchsiangroups
Let PbeaFuchsiangrup UHYp Mequippedwiththegeodesic

flow let pole a lift tu s 8kfE letHEsynSHED
Letusconsider

UNx E
R R J P

geodesicflow
UKR

wehaveUH x g CPIE x IP E I x f y
wehave a splittingof L as Eu t E where

tz x Lj y where z Gcy CRIP RIP

Moreovereverypoints onHRisamebicon E thuswehave a

enclédianmemey on È sothat gz Gqgjwhere
I UH AI2


































































































Proposition i gand E L L'aieinvariantby M
Cii Lt I areinvariantbyde
iii theactionof R dilates Lx andcontractsLy

tout etHull if ne Lx Il e Hullif ne L

HA UH LuiUe C E Wfuicea 1

geodesicflowisgivenby t niiez tu Enz
Guna luiUj Gj

Lt Lui Luz

Corollary let Ep leteeflatbundleoverUH Dcf geodesicflow letde
theflowliftingthegeodesicflowbyparalleltransportthen

E E Vis adominatedsplitting

Corollary letpbe a representationdoseto thenthereexists a Hélder

splitting Epi L L foroffover on UHY

Corollary2 thereexists a Holdermap PCE PCE so that

Man pas
A liftingeverythingtotheuniversalcoverthenewsplittinggivesa

ppEquivariantmap UH PCE 14g Ez
Moreover Y is constantalongtheflow and Vis

constantalongstableleaves cfpropositionabove
It followsthat PCE PCE

becausePCE centralstableleavesofUKR De



Highertanksituation

LetBv spaceofframeseinV le en 1dettes en L
R Bv M SHE
Letasabove VxBv V

Then Vhas

i acannonicalframe tautologicalas L Ln
ü ametric gleig Oij invariantbythetightactionofM
ü isequippedby a left actionofMnIR tightactionofsuis
saflatconnectionwhoseparallelsectionsaregivenbytheorbitof 8kt

let Pbeadiscretesubgroupof84E D diago Rn
i theactionof I onBoys istheWeylChamberflow
di theactionof 1 on Bolifts ton action on 13Mfr Vp

piesevingtheflat connection
iii themetricg descendtoamebicon Vp

Proposition let 8 L a be a tracezeromatrix let v C L Lei

let vebetheparallel transportalong està of v
then Ilvi Il e Il v Il

Corollary Weylchamberflow

Cet 8 with 7in ap
thenthedecomposition

Vs VpwhereViis theeigenspaceof Ai
ci isinvariantundertheIl life on est
iis is dominatingfartheactionofest


