











































































































Hitchin
let us give examplesof Higgsbundles NAH Correspondence

i L x where L is a linebundleofdegree 0
C Ho K à HOCK End L

whatistheharmonicmetric whatis

is wehave a parallelmetric g sort where JE 2L
7 px T 5 SI ce O ce

ü x Redf fispsequivariant
à s R C E i d et

Then p paps Tc

and theharmoniemetric is

Go f g
ici det q be a quadratic differential
Cet S be a spinstructure thatis S tu

let 8 S E Ï 5
then End 8 S E Sto

Eos s S 505 505

i Bg














































































































Cl K
Thus EndE

µ

eventhough EdoesdependontheChoiceof S EndE doesnot
Then

K EndE Ei É
ThusQq Ô is aHiggsField

D weshallchecklaterthattheassociated representations byNAH
actuallytakesvalues en PadR andcorresponds tomonodromyofhyperbolicstructures

ThuswehavethefollowingpictureforXo a Rumannsuface
harmonie SchoenYau thereexists a

uniquediffeomorphismbetweendiffeo
Hopftaofiffehfiaem.no YhyPebolicpsmfqggEgggiven

HTK2 p Hyperbolicstructures

ÇÀ Hitchintheorem

bundleHiggs

a theHopfdifferential

Let f X N leharmonic XRiemannsurface

N Riemannianmanifoldwithmetricg theHopfdifferential
is Hf go Tf Ff
HfXie go Tf x Tf

ga Tft itf JX TfY itf JT



LhXie ht M tai htt hlXJED

ThusHf 0 Tf is conformal

IIe Hitchinfibration
det Mn bethespaceof polystableHiggsbundle E
where E Holt End E Wecan nowproduceobjects

as in thecontextofcharacteristic classes startingfrom R E REMsEndE

Namely let usconsider

TE lui un Tr lui tun
Then is Tr C R Km
Moreover ii Train is holomorphic

it is enoughto checkthat in a local holomorphic trivialisation

Exercise Tr Q x Hopfdifferential byfactorsof 2

Wecouldhavereplaced byGTA whichthecoefficientsof
thecharacteristicpolynomials dette
Thuswehaveconstructedthe Hitchinfibration

Ma Holt HOCKin theHitchinbase
a
d on D

Where det UID of Ê mis ni
for ne K



IJ Normalization Let tu theHitchinfibration
i 1f LEPick E is still a Higgsbundle

and It L E TUE
Wenormalize E sothat det E trivial
ii mealso take tro 0 pasSln andnot an

III The generic fiberforthe Hitchinconnection

At Thespectralcurve
det q qn be an elementofthe Hitchinbase

i

det que tu such that EIouixoqn.i D03n.i
Pq K u J'uiqn.lu C K Pgei D

Def E is thespectral curveof Q forQintheHitchinbase
Q is generic if J'is generic
c J'aissmooth
Ï Igc tu X is ramifiedandhas onlydoublepoints

5
Thiscan be explicitlydescribedusingQ

HereistheconditiononQthatwe shalluse
everypthasaneighborhoodandlocalcoordinatesso that

Pq u ÎÏ u uilzDCUu.czD z all ni pairwisedistinct

Inthecasen 2 Q qe thenthisequivalent tothefactthatq hassimple



Exercise this isequivalent to thefact that
Res PqPq C Holt hasonlysimplezeros

Howeverétiemainstoshowthatthiscondition isindeedgeneric

Example n 2 j Q que CHolKD thenwe arelooking atthedoublecover
thegenevicityconditionisthatq hassimplezeros

Observethat le carriesanaturalholomorphicfarmcalledthe Liouvilleform

Au v fut Itto
Exercise understand Au in coordinatesandcheck Auisholomorphic

Inparticularwe canrestrict autoElg

In a coveringpatchoutsidetheramificationpoints

f
Point uixoqi iIlu e.sn

0 usingthe Liouvilleform
QE Holkigeneric genericspectralaviez

BJTheCameralcover

Thespectralcurve J'qis prettynice butthis is not a Galois
covering Here is asmarterconstruction Toturn a cavinto a Galois

covering it is enoughtolabel thefibers



Given a spectralcurveJ'q thecameral coveris the
J tu Un C tu KO K I I u Ia n Pqtu

tu un 1 ni c J'q fai un x

Thus J and Eg definethesameinformation
Fact J gym X where On symmetricgroup

Rqsecretly On Weylgenpof Un and camoaleschamber

Finallyremark that J cames n holomorphicfarms
Xi correspondingtothedifferent factors andthat

I Pq v ITA hi c tu et

Ai Xxi
A Cameralcover is Eickninvariantbytheactionof on

direbundles over thecamealcover alwaysassume genericity

Kt E be a Higgsbundle associated tothe

point in theHitchinbase let J bethecameral
cover J X J Zig bychoosing a coordinate

Let nowconsider E Now

is diagonalisable E

outsidetheramificationpoints



Letus show i diextendstotheramificationpoints
ici howto reconstruct E

Proposition Thereexists a Cuniquelydefined extensionofdi
sa Letus firstconsider thecase 9 0,9a en rank2 so
that q onlyhas simplezoos at a zerowe canchoose

coordinates so that qg zdf ThenthespectralCurve is defined
as Cz a lu z Indeed Plu N z
Wemaychoose a trivializationof E Thenwe
have QG CEndE Letus define LE v CEt dluy.eu

LE veEl lui v uv farce 0
Observethat to otherwise 3 zAbo q det BD

has a zeroof order2
Let us choose a nonzerosection U sothat Q.ee 0

in particular ui dieu areindependent atzoo henceeverywhere
Inthecorrespondingbase Ç É
Thendu tocg l n'y uxix uyy scu.si

Là Uxg 1 n'y ux x my tu 1 7
Trees dieandd extendsas subbandls of TIEon c

Thegeneralreduces ateachramification tothisstudy

D however HEdoesnotspliteverywhere as L d

But we havethefollowing
Proposition forevery Usmallenough

prooffan 2 Ho E a HOLL U as 6 U module

é outsideramificationpoints we have HOLEa Ho Île Il
o interchangingthesheets butsince Lz Fly and E du the
resultfollows



ii at aramificationpoint det 3 c Hocha LUD
Observethat 5 6 3 rez since3 03vanishesat 0 Check

for E un Observethat s q 2 andthus 2EHOLE a
4 O 2 is clearly injective Finally 4 issurjective
Indeed u z love z a 2 because En2 Neg ALT

O

CEd generic Eick LE Pic EiI o

If weimpose our condition det E theimagesin

PymEi L l L en 2 5 2 2 3
Pymvarietyis a compact connectedabeliangroup hence a tous

DJ Theconverseconstruction Beauville Narasimhan Ramanan correspondence

ofdegreen
let J X be aramifiedcarénngttLee a
linebundle over Et

Proposition Thereexistsabundleofrank n denoted à L
fareveryopenset UCX wehavean isomorphisme

Holt L 4 Is HoltUD
so that Mf 5 fort 6

Moreoverthischaracterizes a L

This is ageneralresult wewillonlyprove it when J isgeneric

lemmat Every x E X hasanneighborhood U so that

HoltÉlu à 614 QU QU holomorphicfunctionony
CasQu module

d If x is not acriticalpointof à thenthereexists
UE Ux so that t a Ou Un withLtrivializedon Ui



Hus Holt t'À à QHoltui î 0 lui
andthis theresultsince fuit à 614

di at a ramificationpoint Weonlyhavetoconsiderdoubleramification

point it isenough toconsiderthesituationaftera suitablechoiceof
coordinates J X u n z
Wepick a neighborhood UofOeinE invariantby u a

sothat L is trivialized over U Lla Ux0

det o EHolt un K 1
C Ho U L U tu a

Observethat if seeHolyis then
fluke fla ftA a Ifk ftu DI

m
uglee h tu

Theis glu62 h a os
ThusHoltU QU I to Glee Thisconcludes theproof

WecanconcludeMa constructionhetKi le a coveringof
X sothat F Ui HOLLÉtait à QUI QU
et q on le elements of F Ui so that
F Ui QUI

j i

Wethenhave gite UnUj Glen
ilWhosecoefficients aie en CQuintej

where oie ETailesà
Weconsider thesegikaschangeoftrivialisation
ce bundle 8 whose holomorphic sections are

HEEUi HUI BE



Theorem let Ei 2 as above assume furthermorethat
BNR EtCK then thereexists

CHolt ËL
so that

ve À d 1 la a Id

i e wecan reconstruct E from I XD
MA It is actuallyenoughtoconstruct farevery Usmallenough

HolàL 4 Holt Ui Holt ni as Qui
modules

i If x is not a ramificationpt
HYE U HoltUi where I U Un uUn

thenwedefine as

un
where ni is theinclusion

of Ui tu

ici Ata ramificationpt asusualweonlyconsider u nez
6 u 1 6 u a

de ok g cire

L f dz
Observethat m'EE tous 5 u.EE

monExercice showthatindeedthis istheinverse DB

Combiningtheconstructionwehaveobtained ÉCO Pied g


