
symmetric spaces

I symmetric space A symmetricspace is apseudoRiemannianmanifold
M sothatfarevery MEM thereexists a uniqueisometry In thesymmetry
at m sothat In m m TmIm lol Hisofnoncompacttype
If it is Riemannian and thecurvatureKEO ItiswithoutEuclideanfactors

If onecannotwrite isometrically M Nx R metricproduct

Examples in dim2 1Re 8 HR IR SKURYS spaceofgeodesics

symmetricspacewill mean Riemannianspaceof
noncompacttype thateuclideanfactorsthusonlyHRinthelist

Theorem letMbeasymmetricspacethen
i Miscomplete and G IsoM actstransitivelyon M
ii everyelement MEM défens a splitting

G km pomwhere adINDIEId adLim IF p
Lü Using G Klm vectorfieldsonM

km 313cm
an undergraduateexercise

Goal a Constructthesymmetric spaceassociatedto semisimplegroups
ex sentRD
e Describlethentromafangetheoreticpointofview



II Preliminaries on semi simplegrups admittedfromHumphrey's
Let G be atiegroups and gettiealgebra

Gag theadjointaction g a Adg a

Far Gc Gta It g c mnCk AdG a gags
gongtheadjointaction

a b la b Ada b
Foralineargroup KM XY K

TheKillingmetric on g i KK4 Tr Adx ANY
Agroup or liealgebrais semisimple if K is non degenerate
A liealgebraessimple if itdoesnotcontainanideal D confusionabout
Agroup Gis almostsimple if g issimple R

gsemisimple g giwhere gi aie simple
IR

Agoupisadjoint if And is injective
es Un R is not adjoint pan R is

A goupis linear if it admits on injective p.co Glen R

All groups are nowassumedtobelinear

everyG invariantquadraticformon g is amultipleof Kik if Gsimple R

te autg bethe Liealgebraof Autg thegroupof AutomorphismsofKatiealgebra
Proposition Assume g is semisimple

themap un admis anisomorphism of g with outg
Humphreys

proposition KCG and kill1K 0 then Kiscompact

Theorem Nomine

theisometrygroupofasymmetricSpaceis semisimple Rn



ACartoninvolutiones a liealgebrahomomorphism suchthat
is an involution

Kik X A f0
Example A TA forRn R
Proposition nontrivial

y
seebelow

i Cartaninvolutionexist thinkofGdr
ii AUcartoninvolutionsaie conjugated

provenexttime
easyversionof ü eachconnectedcomponent is a G orbitcf xD

g keep with Ik 1 top 1

Proposition cartoninvolution Lkk Ck Lppjcp.lk pkp
and kill1k 0 KillIp 0

theconverseistrue givenkpasaboveand deferredbyQlq L le I
thenof is aCartaninvolution

Exercise k liealgebraof a compactgrup
III Constructionandpropertiesofsymmetricspaces letg bea semisimplelie
algebra

Syncg cartoninvolutions C Aut gsubmanifold

î Maximal compacts of G
weshallpievethatlater

Exercise showthat syng is amanifold Hint usetheconstant
ranktheorem



Grgoalis

is toshowthat syn g is a symmetricspacewhoseisometrygroupis
Cuptoconnectedcomponent g andshowthat it hasnonpositiveavature

Ci to provide a gaugetheoretic descriptionofsyng S

iii explain NAH faradjointgroups
Letusmakethefollowingdefinition justforthislecture
A Metric flatbundle over a manifold Mis
cequadruple G D sothat

i G is a f bundle
ii D is a flatconnection
Eu p sectionofAuto by carton
involutions

Proposition given D p let w pDp C H MG then

Ip àLp adCwD
docu tLanw 0

2
par au

w willbecalled the Maniercartonform

Notfearingredundancies wewritethedate GP as G D pas
Dta constructionoftheMauerCartonform and a

Furany lineargroupH TgH h f
Thus if v C Tu S G Ct Autg

v C v aut g v adg



thuswe have a sothat v www
sincer 1 ni v.v 0

woiswithvaluesin P neG plu ce

Itfollowsthat p.adlastadcw.pe 0
thisalsomeans plus v Lulu pop
sincep is anautomorphismof g plantesvs parties pas
thus plus w u

It followsthat w iswithvaluesin P

bTheMaurer Cartonequation

syn G End g docu adCoutu

thus 0 d'd ad dou dolnad W
O addou Kannada dldaDtlzfadlaDn.adfuD

thus0 ad du anar DM µ

Proposition SynG camés a canonical GoDo

iuDfarwhidrwisinjeetive.g
Do isthetrivialconnection on SCG xg Thesectionpoisthe

tautological one whichassociatesto apointof SCG itselfseen as an
elementof Autos

LIT anotherpointof view theunitaryconnection

Let G D p w le amené dataon M



Let D D tlzadlaD.itB Dx3tELwKz3
Proposition i Kill 0

Cii po 0 andthus Dis unitary
En d'Two 0 and pow wo
C R adf.mu

A i Thrill because adlai is antisymmetricfor killing
di Repo v Pullotos loco

Du v f adm p v

But Dupo Leadlas ftp.adlwD
ü d'EvoCup Duluth Mvw.lu wolu.rs

DuwoLv DvWoW wofait
à Carolus w fLuolut auto
d'Evo wonwo 0

iv Finally RE R tzad div adfana
à adIancu Dr

Dictionary
unitary P D flat

D D fadlwo Dpo f poadavoD
d'Evo 0 d'zoo àLagny Maurer Cartanequatio

Ppo O
R jadcw.nu

Élposadcoog

2 0

Exercise far 6 84 R recognizetheMinkowskimodel



IV Application1 mapsintosymmetricspaces NAHfargeneraladjoint
letf M Syng thenweobtainbypullback

fromthecanonicaldater GoDopowo a metric

dater fÉgo fDo ftp Evo on M

Remark 1 Wealsohave G P par wherePp O Mw O RE adfana

Conversely

PropositionLetG D p co le a flatmetricbundleon M MM O

Thenthereexists amap f M syng unique
uptotheGaction sothat Égoftp ftp f G D p w

sans letD D adieu then

i thenDis flat thus G G M

d pbecomes M syng
Eu andwehave Dp É p adCag Dp D

Dp p co Dg gDg t



NAHfarcegeneraladjointComplex group

A harmonicmapping on a surface X a G Higgsbundle

is givenby LG

GP p w
E RI adlanufo lookfarp
ii par w Hitchin i G J

5 5ü Nw 0

C Mp 0 cu

c co is holomorphie

lookfarp A I
then w pdp D D f adlon

flat connection
E Application 2 Gym G as asymmetricspace
themetricon symCG is definedas te Kill we wch
theconnectionD cet is metric DÉ D and torsionfree d'Evo D
Thusthecurvatureof themetricis givenby

Eki 2 fwkzwteD.cn

LRYxyjz1wJ 4 K wlZDILwCY wCwD

1 wlh wlh l cote w

Inparticular usingJacobiidentity








