
I Nonpositivelycurvedmanifolds

Proposition AssumeMiscompletewith KEO thenexpTmM Mis

Alocaldiffeomorphism

A Hadamardmanifold is acomplete Riemannianmanifoldsimply
connectedwith KEOThenapmTmM Misadiffeomorphism

Inparticular given x andythereexistsauniquegeodesicbetween x and

letMbeamebicspaceand xyz CM thecomparisontriangle
is thetriangleV go3 enR2so that

dixg IlXogolf dlyiz llyozdl.dk z llXozoll
Thecomparisonmap is

to Koydulzoidufy.io LXyJvf3XIULy z
yo y t'geodesicsegments

XoÂÏz THEz
proposition CATCOD

Forany xyg onM thecomparisonmapis contracting
Moreover if thecomparisonmapposeursthemetric
Thecomparisonmapextends to a totallygeodesicisometric

embeddingfromTo to M
Corollary flatstrip 1f y andy are two geodesicswithin

Boundeddistance JA dlqltl.pk A then

Thereexists ai totallygeodesicisometricembedding

Y LOb x R M sothat

812oz R Js i 81dB xp Je



proposition convexityofthemetric
let grandga R M betwogeodesicseinsomeHadamard

manifold then

ttsdfz.CH je es aconvexfunction

Corollary if C is a compactset thenexists aunique x R sothat
C C B x R andif CCBly R thenR R

x isthecenterofC

Infinitesimal versionoftheconvexity propoty
let y be a geodesic if ze is afamilyof geodesics then

J 4 vectorfieldalong j is a

Jacobifield it satisfies DjMjJ R j J J ruthasign

Proposition

1f Je's a Jacobifield IlJoofis a convex functionof t
Moreover if IlTesHisconstant then Riz5,18 0 and J is A

Consequence

Proposition Theenergy is a convexfunctionofthesetofmappings
M N if NEO
If ft is a familyofmaps so that Fx ft x is ageodesic
then is t IlIfe Haisconvex

Elf is convexc








