LORENTZ-EPSTEIN SURFACES AND A LIOUVILLE ACTION FOR
POSITIVE CURVES

FRANCOIS LABOURIE, JEREMY TOULISSE, AND YILIN WANG

AssTrACT. We investigate and define in this paper, in the context of the correspon-
dence between anti-de Sitter 3-space and (1, 1)-conformal metrics, the analogs of
“W-volume, Epstein surfaces, and Liouville action. These notions were well-
studied in the correspondence between 3d-hyperbolic manifolds and 2d confor-
mal metrics. We apply our construction to positive curves in flag manifolds
equipped with a positive structure to obtain invariants of these curves that are
finite in the case of piecewise circles.

1. INTRODUCTION

Renormalized volume is motivated by the holographic principle of AdS/CFT
correspondence in String Theory [8, 13], allowing one to renormalize the volume
of an infinite volume Einstein manifold using a truncation procedure determined
by a metric on the conformal boundary.

In the mathematics literature, the most studied case is the correspondence be-
tween convex co-compact hyperbolic 3-manifolds M, with its conformal bound-
ary deM consisting of Riemann surfaces. The renormalized volume is defined as
the ‘W-volume of a submanifold N, obtained by “truncating” M using Epstein
surface [6] determined by a choice of the conformal metric g on d.M [3, 14]:

WM, g) := vol(N,) - % ; Hda, (1.1)
Ng

where vol is the volume form of M, H is the mean curvature, and da the area form
on dN, induced from M.

The case of 2 + 1 dimensions was particularly interesting, as it was shown
in [13,14] that the ‘W-volume holographically expresses the Liouville action of
Takhtajan and Zograf [25] on the conformal boundary. In particular, its Weyl
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anomaly follows Polyakov’s formula,

WM, g) — WM, e*g) o f %waﬁ + Kgo dvolg,

dooM

where K is the Gauss curvature of . The right-hand side is proportional to the
Liouville action S,(0) with zero cosmological constant in the physics literature.

One of the first motivations for studying the Liouville action is the uniformiza-
tion theorem. In fact, within the same conformal class of fixed area metrics, the
critical point of the Liouville action is that associated with the constant curvature
metric in dM (i.e., the hyperbolic metric if the area is well-chosen). Moreover, as
a function on the Teichmidiller space (i.e., when we vary the hyperbolic structure
on do,M), the ‘W-volume turns out to be a Kahler potential for the Weil-Petersson
metric [14,20] on Teichmdiller space of the boundary. See [19] for a recent survey.

The W-volume can also be used to describe the geometry of Jordan curves
on the Riemann sphere CP' = d.,H?. In fact, each Jordan curve y determines
two Epstein surfaces, meeting at ), determined by the hyperbolic metrics on
the connected components CP' \ y. The W-volume of the 3-manifold between
these two surfaces is proportional to the universal Liouville action (introduced
by [21]) of the curve [4], which also has a deep link to the theory of random
curves SLE [23,24]. We also mention that the definition of Epstein (hyper)-surface
is not limited to 2 + 1 dimension. In fact, even in the simpler 1 + 1 dimension,
the “renormalized area” of the hyperbolic disk truncated by the Epstein curve
coincides with the Schwarzian action [16].

Nevertheless, the construction of Epstein hypersurfaces and renormalized vol-
ume is only studied in the Riemannian setup (i.e., in hyperbolic spaces, which are
called Euclidean anti-de Sitter spaces by physicists).

The goal of the present paper is to explore the definition of Epstein surfaces as-
sociated with a conformal metric of type (1,1) and the corresponding W-volume
and Liouville action for the Lorentzian anti-de Sitter space H*!: while the hy-
perbolic 3-space replaced by the (2, 1)-Anti De Sitter space H>!, we consequently
replace CP" with its conformal structure — geometrically the boundary at infinity
of the hyperbolic 3-space — by the Einstein Universe Ein'' which is topologically a
2-dimensional torus and which has a conformal structure of type (1,1). We will
therefore proceed by analogy, as in the Riemannian case, to define Epstein surfaces
and the W-volume in that context. Our construction gives rise to an invariant
for positive curves, curves which are objects of interest in [1,12], in particular for
smooth hyperconvex curves in real projective spaces [7, 15].

We first construct the analogs of Epstein surfaces in our context. More precisely,
we show in Theorem 3.1:
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Theorem A. Let (S, §) a Lorentzian surface, and ¢ a conformal immersion from (S, g) to
Ein""' satisfying a topological hypothesis. Then there exists a holonomic surface Lq in the
space of tangent vectors of norm 1, U, H*!, whose first fundamental form at infinity is g.

The terminology of this theorem requires some explanation and definitions
that are given in the main part of the paper. For the moment, we just remark the
following;:

e The topological hypothesis is to say that the pullback of a geometrically
natural line bundle is trivial, this is made explicit in Theorem 3.1.

e We explain what a holonomic surface is in section 4.2. For the sake of this
introduction, we just say that a typical example of a holonomic surface is
the set of normal vectors 71(S,) to a surface S, of type (1,1) in H>".

e In this example of typical holonomic surface, the first fundamental form at
infinity is (I +2II + III) where I, Il and III are respectively the first, second,
and third fundamental forms of S, as we shall see in Proposition 4.3.

The precise statement of the theorem provides a uniqueness result. We explain
what this theorem means in terms of the envelope of AdS horospheres in para-
graph 4.3.2, recovering a classical feature of Epstein surfaces.

Once Epstein surfaces are defined, we can proceed to the definition of the W-
volume. This ‘W-volume is an invariant of a 3-manifold immersed in UH*! whose
boundary is the union of two surfaces S; and S, "equal outside a compact set".
The definition of the W-volume uses natural differential forms on UH?*!. In the
case where the two boundary surfaces of N project to immersed surfaces S; and
S, equal outside of a compact set, hence bounding a 3-manifold M in H*' — see
paragraph 5.1.2 — we show in Proposition 5.2

W(N) = Vol(M) — ! Hda,
2 Jom
where H is the mean curvature of M and a4 its volume form. Observe the perfect
parallel with equation (1.1).
We then prove the variational formula — Theorem 5.3 — for this ‘W-volume
from which we draw two conclusions. For the simplicity of statement and our ap-
plications, we will restrict ourselves to the case of the split annulus A — conformal

to dS"' — see paragraph 2.3.

(1) The ‘W-volume only depends on the first fundamental form at infinity
on S; and S,. We can therefore define the Liouville action S(hy, hy) of two
metrics conformal to the de Sitter surface dS"' as the ‘W-volume bounded
by any two Epstein surfaces associated with /1; and h, that are equal outside
a compact set: Corollary 6.1.

(2) Surfaces whose first fundamental form at infinity has constant curvature
are critical points of this Liouville action with respect to compactly sup-
ported deformations: Corollary 6.3.
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Our definition of Liouville action is proportional to the Lorentzian Liouville
action in the physics literature with zero cosmological constant (or among metrics
of the same area). See Remark 6.6 and, e.g., [22].

So far, this discussion has been concerned with surfaces that are equal at infinity
and associated metrics that coincide outside a compact set. We now extend it to
a larger set of metric pairs. More precisely, we define an equivalence relation
(Lemma 6.8) between metrics. The equivalence classes of this relation are called
S-classes, see Definition 6.7. We are then able to define the Liouville action in
Definition 6.9 for two (1, 1)- metrics ¢ and & in the same S-class, related by the
conformal factor u such that i = e*'¢ as

S(g,h):—%ful—”g+}1fud(du01),
A A

where F, is the curvature form of g, Iis the split involution associated with the split
annulus, see Lemma 2.2 for details. Again, we see the analogy with the Polyakov
formula, where we replace the complex structure by the split involution. We now
summarize the properties of the Liouville action, which is, in particular, consistent
with the previous definition using the ‘W-volume.

Theorem B. Let g, hand k be three metrics in the same S-class, and u defined by h = ¢*'g

then
S(g,h) =8(g,k) + S(k,h), (CrasLes FormuLa) (1.2)
S(g, h) = _411 f;u(Fg + F;,) , (MonoToniciTy FormuLA) (1.3)
S(g,h) =0, when gand h both have constant curvature c . (1.4)

Finally, when g and h are equal outside a compact set, and if S and ¥ are Epstein surfaces
associated with, respectively, ¢ and h and an immersion ¢ of A in Ein'"',

S(g,h) =W, X).

We also prove that constant curvature surfaces are exactly the critical point of
the Liouville action for area preserving deformations. More precisely, let us say
that an area preserving deformation of g, is a 1-parameter family of conformal metric
(g)ier ON A, equal outside a compact set K satisfying

d

dt

Theorem C. If (g)er is a one-parameter family of area preserving deformation such that
Qo has constant curvature, then

volg,(K) =0,
t=0

d

dt S(gf/ 80) = O *

t=0
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Conwversely, if for any area preserving variation of metrics,

d

a =0 S(gt/ gO) =0 ’

then, gy has constant curvature.

Observe that equation (1.4) of Theorem B indeed makes sense: given a split
annulus, there are several metrics of constant curvature in the same conformal
class and in the same S-class (see Proposition 6.13 for details).

This theorem allows us to define the Liouville action for a metric h in the S-class
of a constant curvature metric h, as

S(h) := S(h, hy) .

This definition is unambiguous in the choice of constant curvature metric 4, in
the conformal class of /1, thanks to Chasles relation (1.2) and the assertion (1.4).

We now apply these results for (locally) positive curves in a flag manifold
associated with a group G equipped with a positive structure. Positive structures
were introduced in [11] and positive curves in [12]. Among classical examples are
spacelike curves in the Einstein universe of arbitrary dimension; they may also
arise as convex curves in P(R®) or more generally hyperconvex curves in P(R").
They are discussed in section 7.

We sketch now how positive curves give rise to (1,1)-metrics on A: if we
consider a C' positive curve ¢ from P(R!) to ¥, we obtain a C'-immersion from
A =P(RHYXP(R")\Ato G =F XF \ A. The latter is equipped with a (p, p) metric,
and the induced metric . on A is (1, 1).

We now restrict our discussion to piecewise circles: a special case of positive
curves arising from circles which are orbits of positive PSL,(IR) —see Section 7.2. The
corresponding metric on A has constant curvature k (since PSL,(IR) is a transitive
group of isometries), and the value of the constant curvature will depend on the
choice of the conjugacy class of PSL,(IR).

We then define — see definition 7.3 — a piecewise circle as a C'-curve which is
piecewise a circle for a given conjugacy class of PSL;(IR). This generalizes the
notion of piecewise Mobius curves discussed in [2,17]. We can then compare the
metric h. with the metric /iy of constant curvature coming from a circle. We show
the following result.

Theorem D. The metric h. is in the S-class of hy. Consequently its Liouville action
S(he, hy) is finite.

Thus given G, a positive structure on a flag manifold ¥ for G, a positive
PSL,(IR), we obtain an invariant (under the action of G) of a piecewise circle (with
respect to our choice of PSL,(R)) map cina ¥ as

S(c) := S(he, hy) .
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Our main result is then that S(c) is finite and circles are critical points of this action
S(c) by Corollary 6.3. However, we generally do not expect that circles are a local
minimum of S.
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2.1. Split structure. Let V be a real vector of dimension 2. We fix an orientation

onV.

2.1.1. Split vector spaces. A split structure on V is a pair (V3, V;) of distinct lines
in V. A split basis is then an oriented basis (v;,v;) of V with v; spanning V.
The canonical involution 1 is the involution of V preserving each V; and such that

IIVi = (—1)i.
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A Lorentz product is a quadratic form of signature (1, 1)) on V. Split structures are
linked with Lorentz metrics as follows. For a Lorentz metric q, there is a unique
split structure (V1, V) on V such that each V; is g-isotropic (namely, qv, = 0) and
q(v1, v2) is positive for any split basis (v1, v;). The quadratic form q is then said to
be compatible with the split structure (V1, V5).

Recall that an endomorphism ¢ of (V,q) is conformal if ¢*q = e'q for some
real number A. The group Conf(V,q) of conformal endomorphisms of V has
4 connected components, and we denote by Conf,(V, q) the index 2 subgroup
consisting of orientation-preserving conformal endomorphisms. Observe that
Conf,(V, q) is isomorphic to the nonconnected Lie group Conf,(1,1) = R,y X
SO, 1).

Lemma 2.1. An orientation-preserving endomorphism of (V, q) is conformal if and only
if it preserves the associated split structure.

Proof. Let ¢ be an orientation-preserving endomorphism of V and let (v1,v,) be a
split basis.

If ¢ is conformal, then it maps v; to an isotropic vector, so it globally preserves
V1 U V,. To prove that ¢ cannot exchange V; and V5, just observe that if ¢(v;) =
uivis1 then the conformality of ¢ implies u;u, > 0and so ¢ reverses the orientation.

Conversely, if ¢ preserves each V;, since it preserves orientation, there exists ;
such that ¢(v;) = p;v; with yu, > 0. So ¢ is conformal. O

In particular, a split structure on V is equivalent to a conformal class of Lorentz
structures.

2.1.2. Split surfaces and Lorentz metric. Let S be a smooth, oriented surface. A split
structure o on S is a pair (£, £,) of transverse 1-dimensional foliations. A split
surface is then a pair (S, o) where S is an oriented surface and o is a split structure
on S. A split framing is a frame (uy,u,) of TS such that at any point x, the pair
(u1(x), u2(x)) is a split basis of T,S with split structure (T, L, T+L»).

A (C*) Lorentz metric on S, is a (C¥) field of Lorentz product on TS. Two Lorentz
metric ¢ and h are conformally equivalent or conformal is there is a function f on S
such that ¢ = e¥/h.

Lemma 2.1 has the following consequence:

Lemma 2.2. Given a smooth, oriented surface S, the following structures are equivalent:

(1) a split structure,

(2) a conformal class of Lorentz metric,

(3) a field of involution 1 in T'(S, End(TS)) with 1-dimensional eigenspaces,

(4) a reduction of the structure group of the bundle of oriented frames to Conf, (1, 1).

Remark 2.3. In the equivalence described above, the leaves of the foliation £; are
the integral curves of the distribution Ker(I — (-1)'Id) on S.
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Observe that the existence of a split structure on a surface S implies that the
tangent bundle of S is trivial. In particular, if S is closed, then it is diffeomorphic
to the torus.

A split map between two split surfaces (51, o1) and (S;, 02) is a homeomorphism
f from S; to S, that sends lightlike geodesics to lightlike geodesics. We will only be
interested in split diffeormorphisms, which can be characterised as maps which
are conformal with respect to the underlying Lorentz conformal structures. The
horizontal and vertical lines define a standard split structure oy on R? and an
isothermal coordinate on (S, o) is a local chart with values in (R?, o) which is a split
map.

Lemma 2.4 (EXISTENCE OF ISOTHERMAL COORDINATES). Let (S, o) be a split surface.
Then locally (S, o) admits isothermal coordinates.

Proof. Let (X;,X;) be a split framing around a point p. One can find positive
functions f; and f, such that the new split framing (Y3, Y;) with Y; = f;X; satisfies
[Y1,Y2] = 0. In particular, the flows commute, and the inverse of the map

(s, t) = @}, o @} (p)
defines isothermal coordinates around p. m|

2.1.3. Compatible Lorentz structure. Let (S, o) be a split surface with canonical in-
volution I, and let V; be the distribution tangent to £; fori =1, 2.

Definition 2.5. A Lorentz metric ¢ on S is compatible with o if its conformal class
coincides with o (see Lemma 2.2). For k > 1, we denote by M¥(S, o) the space of
C*-Lorentz metrics on S compatible with o.

Remark 2.6. Observe that CX(S) acts M¥(S, o) where the action is given for u a
function and g a metric by (1, g) — ¢*“g. This action is simply transitive, since
any two metrics in M¥(S, o) are conformal. In fancy terms, the space MX(S, o) is
a CK(S)-torsor.

Remark 2.7. For any Lorentz metric g in MX(S, o), its volume form w, compatible
with the orientation satisfies

we(u,v) = g(u,Iv) .
Indeed, the standard flat Lorentz metric on IR? is given by
S = dx dy

where d, spans V; and d, spans V;, and the corresponding volume form is wg, =
dx A dy. In particular, if (v1,v,) is a split basis for g satisfying g(v;,v;) = 1, then

wg(vll 02) =1.
It follows that the map
. { M(S,0) — Qi)

g P Wy
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defines a one-to-one correspondence between MX(S, o) and the set Vol’i(S) of
C*-volume forms compatible with the orientation.

Remark 2.8. Observe finally that a Ck“—split diffeomorphism ¢ from (S;,04) to
(52, 02), then the pull-back ¢* induces a one-to-one correspondence from ME(S,, 02)
to Mk(Sl, 0'1).

2.1.4. Curvature of a Lorentz surface. Let g be a compatible metric on a split surface
(S, 0), and denote by V the associated Levi-Civita connection. The d’Alembertian
O, is the differential operator defined on a C* function f by

Og f = trg(Vdf).
We recall that for a symmetric bilinear form Q associated with the linear operator
A by Q(u,v) = g(Au, v) then

trg(Q) = 2Q(v1, v2) = tr(A)
where (vq,v,) is a split basis for ¢ satisfying ¢(v1,7v,) = 1. Observe in particular
that tr,(¢) = 2.
Let R, be the curvature tensor of ¢, and let I define the split structure. The
sectional curvature of g is denoted by K(g) and defined by the relation

Ry = —K(Q)w, ®1.
The curvature 2-form of g is F, := K(g)w,. Thus Ry = —F; ®I.

Proposition 2.9 (CoONFORMAL CHANGE). Let g and h be metrics in M(S, o) with h =
e?g. Then

O, = e O, 2.1)
(O u)wg = d(duol) = Fy — F . (2.2)

Equivalently, we have
O, u = K(g) - e K(h)
which is the Lorentzian analog of the conformal change formula of the sectional curvature.

To see this, we first compute the relevant terms in isothermal coordinates.

Lemma 2.10. Let ¢ bea C>-Lorentz metric on S given by ¢ = e**dxdy in some isothermal
coordinates (x,y). Let f be a function on S.

(1) The Levi-Civita connection V of g is given by
Vaﬁy = ngax =0 ’ Vgxax = 2(8xu) ax ’ Vayay = 2(8yu) 8y .
(2) The d’Alembertian with respect to g is given by
Og f = 26‘2”832€yf.
(3) The sectional curvature of g satisfies

K(g)=-0Oqu.



10 F. LABOURIE, J. TOULISSE, AND Y. WANG

Proof. Differentiating the equations g(dy, d.) = g(d,, d,) = 0, one obtains that both
V1 and V, are parallel with respect to V. Thus, V splits into V = V! & V2 with V'
being a connection of the bundle V;. Using [d,, d,] = 0 we get

V,;ﬁy = Vay&x S V1 N V2 = {0} .

Differentiating g(dy, d,) = ¢* then gives the expression of V. This concludes the
proof of item (1).

For item (2), given a function f, using the definition of the d’Alembertian, we
have

Vdf = 3(0g /g + Ho,
where Hj is traceless and thus Hy(d,, d,) = 0. This gives
2Vdf(dy, dy)
O f = onan
8( X7 y)
_ 2(0:(df(@,) - df(2,9,))

e2u
=2e7 f .
Finally, for item (3), using the previous items, we have
Ry(dx, 0y, = V5. V5,0,
= 2(8§yu) dy
= (Dg u)wg(axz ay)I(ay) .
The expression of K(g) follows. m]
Proof of Proposition 2.9. Observe first that item (2) of Lemma 2.10 implies that
O, = e 2" O .
Write ¢ = e®’dxdy in isothermal coordinates. Thus, the previous lemma gives
K(h) = —O,(u + v) = —e > Og(u + ) .
Thus
K(g) — ¢*'K(h) = — 0,0 + O, u + Ogv = Og 1t .
Now we have
d(duol) = 28§yu dx Ady = (O, u)w,,
hence

Fg - Fy = (K(g) — ¢'K(h)) wg = Qg u)wg = d(du o) .

This concludes the proof. m|
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2.2. De Sitter surface. Given a 3-dimensional real vector space E equipped with
a quadratic form Q of signature (2, 1), the de Sitter surface is

dS''={xeE, Qix)=1}.

The quadratic form Q restricts to a Lorentz product on each tangent space T,dS""
since this tangent space is identified with x*. The resulting metric has constant
curvature +1 and the group SO (Q) acts by isometries.

Given a point x in ds'' and a split basis (v1, v;) at TdeM, the leaf £, through x
is given by x + IRu, and so its projection to P(E) intersects the quadric RP' = {x €
P(E), qn = 0} in [v,]. This defines a map

. ds'' — (RP!xRPY)\A,
' p = ([wl o)),
where A is the diagonal. Observe that given two distinct points (x, x,) in (RP* x

RP') \ A, the planes x; and x} intersect along a positive line and one can find

a unique point p in dS"' on this line such that V, is contained in x,. Thus, ®
is bijective and is indeed a diffeomorphism. In this model, the split structure is
given by the fiber of the projection on each factor.

Lemma 2.11. Any affine chart on RP' defines an open set in (RP' x RP') \ A in which
the de Sitter metric g satisfies

2dxdy
O= 2
)
Proof. Any split metric on (R X R) \ A invariant under the affine group acting

diagonally on R X R is of the form ?f;ﬁ for some positive A. The value of A is

determined by the condition that the curvature is equal to 1. |
2.3. Split annulus.

Definition 2.12. The split annulus is the split surface A underlying dS"', that is,
A = (RP! x RP') \ A where the split structure (L;, £;) is given by the fibers of the
projection on the i-factor.

Proposition 2.13. Every Ct-split map of A is of the form

D (x,y) = (P(x), p(y)) -
where ¢ is a Ck-diffeomorphism (or homeomorphism for k = 0) of RP'. The map ® is an
isometry of (A, go) if and only if @ is projective.
Proof. Let @ be a split homeomorphism of A to itself, namely, ® sends each
oriented foliation to itself. Let us write ®(x,y) = (f,(x), gx(v)). For every y,
fy is a homeomorphism from RP! \ {y} to RP! \ {z}, for some z € RP' which

we denote z := @(y). We can thus extend f, to RP' as a homeomorphism by
setting f,(y) = @(y). Similarly for g,. As ® is a split homeomorphism, we
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observe that g,(y) does not depend on x and f,(x) does not depend on y. It
follows that @(x, v) = (f(x), g(y)). Since @ sends the diagonal to itself, we have
f(z) = g(z) = @(z) for all z € RP'. We also obtain that ¢ is a homeomorphism
of RP! as ®(x, y) = (p(x), p(y)) is a homeomorphism of A. This completes the
proof. O

Observe that, unlike the hyperbolic disk, the group of conformal diffeomor-
phisms of A is infinite dimensional and thus much greater than the finite dimen-
sional group of isometries.

3. ISOTROPIC SURFACES

In this section, we consider a four-dimensional vector space W equipped with
a quadratic form q of signature (2,2) and denote by (-, - ) the corresponding polar
form.

3.1. The split structure of the Einstein torus. The 2-dimensional Einstein Universe
or Einstein Torus is the quadric

Ein"' = {x e P(W), q(x) =0} .

Let 7 be the tautological line bundle over the Einstein Torus Ein'!, that is, the line
bundle whose fiber 7, over a point x is the isotropic line defined by x in W.

The Einstein Torus is naturally equipped with a canonical split structure (£, L)
which we now describe. Let (V, ) be a 2-dimensional real vector space equipped
with a volume form w, and consider (V ®V, q), where q := —w ® w. Explicitly, we
have

—w® C()(I/ll R Uy, U1 ® Uz) = —C()(Lll, ’01)6()(112, Uz) ’
s0 —w ® w is a signature (2,2) quadratic form on the 4-dimensional vector space
V ® V. Once we choose an isomorphism between (W, q) and (V® V, —w ® w), the
image of the Segre embedding

S:{ P(V)xP(V) = P(VeV),

([Ul]/ [02]) = [Ul ® Uz] , (31)

is exactly Ein''. This defines an isomorphism between Ein'' and RP' x RP".
Define £; as the foliation of Ein"' whose leaves are the fibers of the projection on
the i factor.

3.2. Isotropic surfaces. An isotropic surface is an immersion ¢ of a surface S in W
whose image of every point is an isotropic vector and such that o(s) is transverse
to the image I; of T,0. Equivalently, we have for any s in S, for any u in TS,

(0,0) =0,dim(span{D,0,0(s)}) = 2.
Observe that projecting o to P(W) defines an immersion [¢] from S to Ein"'. Two

isotropic surfaces og and o1 are equivalent if oy = 07 .
Our first result is the following.
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Theorem 3.1. Let ¢ be an immersion of S in Ein'"', such that L = ¢'7 is trivializable
over S. Let g be any C*-Lorentz metric on S compatible with the induced split structure.
Then there exists a unique equivalence class of C*-isotropic surface o from S to W, such
that [0] = ¢ and

g(u,v) = (Dyo,Dyo) .

We remark that although the formula defining g seems at first sight to depend
on the first derivative of o, due to the "lightlike" nature of ¢, ¢ only depends on ¢
pointwise as we shall see in the proof.

Let ¢ be an immersion of S in Ein"'. Observe that the natural inclusion of L in
W defines an immersion i from the complement L* of the zero section in L to W.
We start with a remark: in the sequel, we shall freely identify (equivalence classes
of) isotropic surfaces with sections of L.

Now, the proof of the theorem follows from the following lemma:

Lemma 3.2. Assume that L is trivial and let L* be a connected component of the comple-
ment of the zero section in L.

Then, the map which associates with a section o of L*, the metric g, defined by
¢5(1,v) = (Dy0, Dy0) is a bijection from the space T*(L") of Cr-sections with the M(S)
of Ck-metrics on S, in the conformal class determined by the split structure on S.

Proof. Let 0y and 01 be two sections of L*. Let us write ¢ = ef;1. Then
S0, (11,0) = (Dy(ef01), Dy(ef 1)) = € (Dyo1, Dyor) = e go, (w,0) . (3.2)

In the second equality, we used the fact that for any split surface o, then (o, o) =
0. Hence, after differentiation, for any vector u, (D,0,0) = 0. Finally, the lemma
follows immediately from equation (3.2). O

3.3. Dual isotropic surfaces and forms at infinity. Given an isotropic surface o,
we call a dual isotropic surface to ¢ a map 1 such that

(n,oy=1,4{n,n=0,(nD,0)=0.

Proposition 3.3. Let k be a positive integer Let o be a Ck-isotropic surface, then there
exists a unique C*-'-dual isotropic surface.

Proof. Let us consider the two dimensional space
V(s) := ImDo(s) .

Then V has signature (1,1) and is transverse to its q-orthogonal V+ which also
has signature (1,1). The split structure on V defines a split structure on V*+. We
then define uniquely 71 such that (o, 1) is a split basis of V* and {0,1) = 1. By
construction, if o is C* then V is C*!, hence, 1 is C*1. O

We observe that if ¢ is C?, then ¢ is the dual isotropic surface to its dual isotropic
surface.
Following the terminology of Krasnov and Schlenker, we define
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Definition 3.4. Given vector fields X, Y on S, we define
(1) The first fundamental form at infinity as

I'(X,Y) := (Dxo, Dyo) .
(2) The second fundamental form at infinity as
II'(X,Y) := —(Dxa, Dyn) .
(3) The third fundamental form at infinity as
I'(X,Y) := (Dxn, Dyn) .
(4) The shape operator at infinity B* is defined by
II'(X,Y) =I'(B"(X),Y)
We then observe that
II' (X, Y) == I'(B*(X), B*(Y)) .

4. IsoTROPIC, HOLONOMIC AND EPSTEIN SURFACES

Let (W, q) be a real vector space of four dimensions equipped with a signature
(2,2) quadratic form as before.

4.1. Anti-de Sitter geometry. The anti-de Sitter 3-space is
H>' = {x € P(W) | q(x) < 0},

its double cover is
HY = {xe W|qx) = -1},
and the covering involution ( is given by the action of (- 1d) in SO(q).

Given a point x in H?', the tangent space T,H?' is identified with the g-
orthogonal of x, so the restriction of q defines an SO(q)-invariant metric of sig-
nature (2,1) and curvature —1. Moreover, this metric is t-invariant and therefore
descends to a Lorentz metric on H*'.

Finally, note that the Einstein torus Ein'"' is the boundary of H*! in P(W).

4.1.1. Frame bundle. An orthonormal frame of a 3-dimensional oriented vector
space equipped with a signature (2,1) quadratic form Q, is an oriented basis
€ = (&1, &, €3) of pairwise Q-orthogonal vectors with Q(e1) = Q(e2) = —Q(e3) = 1.
Such an orthogonal frame is fully defined by the first two vectors (e1,¢2). We
define in this way the (orthonormal) frame bundle ¥ (M) of an oriented Lorentz
3-manifold as the set of pairs (x, ¢) where x is a point of M and ¢ = (&1, &, €3) is
a frame of T,M. By projecting any frame ¢ to €;, we obtain an SO(1, 1)-principal
bundle
F (M) - UM,

where UM := {(x,n) € TM | q(n) = 1} is the (spacelike) unit tangent bundle of M.
The Levi-Civita connection of M induces a natural connection on this bundle.
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Moreover, for M = H>', we observe that SO(q) acts simply transitively on ¥ (W)
turning the latter into an SO(q) torsor.

4.2. Unit tangent bundle, holonomic and isotropic surfaces.

4.2.1. Holonomic surfaces. We briefly recall basic results on jet bundles and contact
geometry. We refer to [18] for details.

Let M be any manifold of dimension 1, equipped with an non degenerate inner
product g of type (p, q). Recall that the (spacelike) unit tangent bundle is

UM={uecTM|g(u,u)=1}.

Later on, we will only consider the case of M = H%', but the discussion is better
understood in full generality.

Our goal is to define holonomic surfaces in the spirit of how holonomic surfaces
are defined in Riemannian geometry.

We first recall the construction of the contact form or the Liouville form of UM.
The construction runs as follows: TM inherits a symplectic form w by duality
(defined by the quadratic form) with T"M. Then the contact form (or Liouville
form) on UM is ixw where X is the vector field generating the (spacelike) geodesic
flow on UHY'. The kernel of this Liouville form is called the contact distribution:
it is a field of hyperplanes in the tangent space of UM.

A submanifold X of dimension n — 1 in UM is holonomic if it is always tangent
to the contact distribution. The following classical lemma, whose proof is left to
the reader and can be found in [18, Theorem 4.3.15], helps to interpret what a
holonomic submanifold is.

Lemma 4.1. Let S be an immersed submanifold in M of type (p — 1, q) and n its normal
vector field. Then n(S) is a holonomic submanifold in UM.

Conversely, if X is a holonomic submanifold in UM transverse to the fiber of the
projection to M, then X = n(S) where S is an immersed surface in M of type (p — 1, q).

We call a holonomic surface of the form n(S) where S is a (1, 1)-surface in M a
typical holonomic surface associated with S

We will sometimes keep track of the type of the underlying submanifold and
speak about (p — 1, g)-holonomic submanifold.

4.2.2. Back toanti-de-Sitter geometry. We now specify this discussion for the (space-

like) unit tangent bundle of H%'.
We have the following identification:

UHY' = {(x,n) e WX W | (x,n) =0, q(x) = —q(n) = -1} . (4.1)
Under this identification, the tangent space splits as

T UHY = {(u1,u2) € WX W [ (ug, x) = (up, ) = (ug, my +(x,up) =0} . (4.2)
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The involution ¢ lifts to UHi’l, and the quotient is UH??, the unit tangent bundle
of H>!. In this identification again, the contact distribution is given by

ker(Agn) = {(u1, uz) | {(n,u1) = {x,uz) = 0}.

4.2.3. Holonomic and isotropic surfaces. Finally, in this situation, holonomic surfaces
are identified with isotropic surfaces. A direct computation gives the following
proposition.

Proposition 4.2. If o defines an isotropic surface, let 1) be the dual isotropic surface. Then
() { § - UHZ
X, 1) :
s o (L(06) - n(s), 2(06) + 1))

is a holonomic surface.
Conwversely if (x,n) is a holonomic surface then

. S - WxW
CAE { s (%(x(s) +1(s)), %(n(S) - x(s)))

is such that o is an isotropic surface and 1 the dual isotropic surface. It follows that any
isotropic surface gives a holonomic surface.

The following proposition identifies the first fundamental form at infinity.

Proposition 4.3. The first fundamental form at infinity of a typical holonomic surface
associated with a surface S in H>' is 1(I + 211 + III) where I, 11 and 111 are respectively
the first, second, and third fundamental forms of S.

Proof. We have by the previous proposition that o is given by %E(x + n). Thus

(Dy0,Dy0) = 3 ((Dyx, Dyx) + 2(Dy,x, Dyn) + (D,n, D,n)) (4.3)
= 2(L(u, u) + 210(u, u) + M(u, u)) . (4.4)
This completes the proof. |

Proposition 4.4. Let S be a holonomic surface immersed in UH*' that we consider as a
subset of W x W. The first fundamental form at infinity on S is the induced metric from
the metric on W x W given by the quadratic form

Q((u,v)) = 3 (u+v,u+0) .
Proof. Indeed, the first fundamental form on S is given by
3 ((Dux, Dyx) + 2(Dyx, Dyn) + (Dyn, Dyn)) = 5 (Dyx + Dyn, Dyx + Dyn) .

The result follows. a
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4.3. Epstein surface.

Definition 4.5. Let ¢ be an immersion of S in Ein""' such that ¢t is trivial. Let g

be a C*> metric on S. Then the g-Epstein surface ¢, is the holonomic surface in H>'
associated (by Proposition 4.2) to the isotropic surface o defined by g (by Theorem
3.1).

We now relate this definition for the sake of completeness to the notion of
envelope of horospheres, thus showing that our Epstein surfaces are the analogs
in H?! of the classical Epstein surfaces constructed in the hyperbolic 3-space.

4.3.1. Horospheres. Any isotropic vector x, in W defines a horosphere in H>' via the
formula

Hx) = {p e HY' | (vo,p) =~} .

An horosphere in H>! is then the projection of an horosphere in H>'. Observe
that the vectors +x, define the same horospheres in H>!.

The tangent space to H(x) at a point p is identified with span{x,, p}* and so the
induced metric on H(x¢) is Lorentzian. Moreover, H(x) is intrinsically flat.

4.3.2. Envelope. Let S, ¢, g and o be as in the definition. We then have a family of
horospheres

H(g) = {H(o(s)) | s € S}.

An envelope of H(g) is then a smooth map ¢, from S to H*! such that for every x

€¢(x) € H(o(x)) and dyey(T.S) C T, H(0(x)) .

Proposition 4.6. Given a g-Esptein surface 1, the map 1 o ¢ is an envelope for H(g),
where 1 the projection to H*!

Proof. Let g, 0 and S as in the definition, and let 1 be the dual isotropic surface to
o as in paragraph 3.3. In particular, for any vector fields X, Y on S we have

(o,m)—=1={(0,0) =(n,n) =(Dxo,1n) =0 and (Dxo,Dyo) = g(XY) .

We have
’ {S — H*!,
o :
X - %(a(x)—n(x)),
SO

(o), oY) = =¥,
and for any tangent vector u in T.S
(dx(1 0 ¢)(u), 0(x)) = (dx(1 0 P)(u), n(x)) = 0.
So 1 o 1) is an envelope for H(g). O
One can easily see from the above computation that the induced metricon moy

is equal to 1I* + II' + JIII". In particular, it is not always immersed. We denote by
L, its image.
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5. THE W-VvOLUME

We define in this section the ‘W-volume for 3-manifolds with boundary in H*!.
As in [4], we work in a noncompact setting and this requires some technical
adjustments. Also the ‘W-volume is not actually defined for 3-manifolds with
boundary in H?!, but rather for 3-manifolds with boundary immersed in UH>'
with some holonomy condition on the boundary.

5.1. Preliminary: the geometry of UH*! and cobordism.

5.1.1. Differential forms on UH*!. The unit tangent bundle UH*' is equipped with
a set of differential forms that we now describe. We use the decomposition
described in equation (4.2) and write u = (u;, u,) the two components of a vector

uin T (UHi’l). We introduce and consider the following forms.

(1) The pull-back w of the volume form on H>' via the projection is a closed
3-form on UH?' whose value at (x, n) is given by

w(u, v, w) = 77 volg1(u, v, w) = det(x, uy, vy, wy) .

(2) The 2-form a whose value at (x, n) is given by
a(u,v) = }L(det(x, n,uy, 1) + det(x, n, uy,v,)) .

We remark that all those differential forms are invariant under the involution ¢
and so descend to forms on UH?! that we denote the same way.

5.1.2. Corbordism constant at infinity. As a first example of cobordism constant at
infinity, we have a C* map ¢ from M into UH%', where

e M =Sx[0,1] and S is a possibly noncompact surface,

o ¢(S x {0}) and ¢(S x {1}) are holonomic surfaces,

e there exists K a compact subset of S, such that ¢(x, t) is constant in ¢ for all
x not in K.

In that case, we call (M, ¢) a lens cobordism.

More generally, we want the compact K to have some more complicated topol-
ogy. Let Ny and N; be two oriented surfaces which will be non compact as well
as ¢ and ¢; from Ny and N; respectively to UH_Z;1 such that ¢;(N;) are holonomic
surfaces.

A cobordism constant at infinity between (Ny, ¢o) and (N;, ¢) is a pair (M, ¢),
where

(1) M is a possibly non compact 3-manifold with boundary dM = N, LI N.

(2) ¢ is a C* map from M to UH>', such |y, = ;.

(3) Moreover ¢ is constant at infinity: there is a compact K in M, such that K is
homeomorphic to U x [0, 1], with U X {0}, respectively U X {1}, is a subset
of Ny, respectively N;, and ¢ is constant in the second factor of U X [0, 1].
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Note that ¢; and ¢, agree outside a compact set. Observe that given a cobordism
as above ¢*7 is a trivial bundle.

5.2. Differential forms and the ‘W-volume.

Definition 5.1. We define the ‘W-volume of the cobordism (M, ¢),

W)= [ go- [ ga.

In this equation, we first observe that ¢*@ vanishes outside a compact set. We also
used an abuse of language for the last term, since ¢|ux and ¢luxq; agree outside
of a compact set.

Because w is closed,
WM, p) =W, ),

whenever ¢ and 1 agree outside a compact in Int(M). In particular, for a lens
cobordism, where we write dM = SoLIS;, W(M, ¢) depends only on the restriction
of ¢y on Sy, and ¢ on S;. In that situation, we write

(W(S(), 51) = (W(M, (p) . (51)

We will most of the time write W(M, ¢) = ‘W(M). Then note that since one can
glue cobordism, the ‘W-volume satisfies Chasles relation

WMEN) = WM) + W(N) .

5.2.1. Classical formula.

Proposition 5.2. Let (M, ¢) be a cobordism. Assume that the holonomic surface ¢(IM)
is the lift of a surface S in HY'. Then

WM, p) = vol(rt o p(M)) — % f;H da,

where H and da are, respectively, the mean curvature and the area form of S.

Proof. If f is an immersion of type (1,1) from a surface S into H>', the tangent
vectors to the holonomic lift F of S have the form (1, B(u)) where u is tangent to
f(S) and B is the shape operator. Given a pair of vectors (1, v) of S, we get

Fa(u,v) = i(da(B(u),v) + da(u, B(v))) = itr(B) da(u,v) .

The result follows. a
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5.3. Variational formula. We now prove the variational formula for the W-
volume:

Theorem 5.3 (VARIATIONAL FORMULA). Let (M, ¢;)ser be a smooth family of cobordism,
pairwise equal at infinity. Let g; be the induced first fundamental form at infinity on oM

and u the compactly supported function such that %it:O gt = 2ugo. Then

d 1
& t:O(W(M,(Pt) = —E LMMPg .

5.3.1. More differential forms. We need to introduce more differential forms and
objects to understand the variations of w and a.

(1) The 1-forms x* and n* given by
X' (u) = {x, uz)

n(u) = (ug, 1) .
Recall that x*+n* = 0 and that the kernel of any of these forms is the contact
distribution £ in UH?*!. As a vector subspace of W x W,

P =, 0) | (x,u) = (x,0) = (n,u) = (n,v) = 0}
(2) The 2-forms 01, 0, and @ whose value at (x, n) is given by
01(u,v) = det(x,n,uq,v7),
0,(u,v) = det(x, n,u,, v7) .
(3) Let ¥ (Q) be the space of pairwise orthogonal triples (x, 1, n) satisfying
—{x,x)y=m,n)y =<u,uy=1.
Let B be the 1-form on ¥ (Q) defined by
Boma(w) = — det(x, n, u,ws), (5.2)

REMARKS

(1) All these differential forms are again invariant under the involution  and
therefore descend to forms on UH?! that we denote the same way.
(2) We have a projection 7 from ¥ (Q) to UH*! defined by 7(x, n, u) = n(x, n).

We first need to identify precisely f. Let Q be the subdistribution or rank 2 of
defined by

Q={u,v)eP|lu=u0v}.
We observe that we have an identification of =Q, , with the orthogonal of (x, n) in
W. Then ¥ (Q) is the positive unit tangent bundle of Q.

Proposition 5.4. The form dp is the curvature form of the bundle Q, equipped with the
(1, 1)-metric and the connection from its embedding as a subbundle of the trivial bundle
W& W over UH?'.
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Proof. By definition, if (x',n',u}) is a curve in 7 (Q) seen as a subset of W?

ﬁ(xo,no,uo)(ir 7:11 1:1) = <u/ e,

where e is the vector of norm that satisfies {(¢,e) = —1, orthogonal to (x, 1, 1) and
such that det(x,n,e,u) = 1. Thus

ﬁ(xolnolu(;)(.’;C, n,1) = —det(x, n, u, 1t).
This is what we wanted to prove m|

Proposition 5.5 (FUNDAMENTAL EQUATIONS). We have given

dﬂ = 91 - 92 , (53)
da = %(n* AOy—x" A6, (5.4)

Proof. We first compute df. Recall that
dp(w,v) = Dyp(v) — Dyp(u) -
From equation (5.2), we have
D, p(v) := —det(ws, n, u,v3) — det(x, wy, u, v3) — det(x, n, ws, v3) .

Recall that ¥ (Q) is the subset of W? consisting of triples (x, 1, u) which are pairwise
orthogonal and satisfy

—(x,xy=m,ny=(u,uy=1.
Differentiating these equations, and introducing the vector e orthogonal to x, u and
n, such that det(x, n, u, e) = 1, recall that (n, n) = (u, u) = 1 while (x, x) = {e,e) = -1
o (u,w3) =0 = (v;,u) and thus
det(x,n, w3, v3) =0. (5.5)
e (w,,n) =0 and thus
det(x, w,, u, v3) = (vs, ny det(x, wy, u, n)
= — (W, e)(v3,n)ydet(x, e, u,n)

= (W, e){v3,n) . (5.6)
e (wq,x) = 0and thus
det(wq, n,u,v3) = —(v3, x) det(w, n, u, x)
= (wy, e) (v3, x) det(e, n, u, x)
= —(wy, e){v3,X) . (5.7)

It follows that
D,p(v) = (w, ey (v3, n) — (wy, e){v3, x) .
Finally deriving (u, x) = (u,n) = 0, we get

<U3, x> + <ul Ul) =0 s <U3, 7’1> + <u/ U2> =0 s
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hence
Do,B(v) = (w, e) (o1, u) — {wy, e) vy, u) . (5.8)

Since
det(x, 11, wa, v2) = (wWy, e){Va, u) — (Wy, u){vy,€), (5.9)
det(x, n, wq,v1) = (w1, e){v1, u) — {w, u){vy, ey, (5.10)

it follows that

dp(w,v) = det(x, n,wy,v1) — det(x, n, w,, v5)
= Ql(w/ U) - 92(w1 'U) .

Let us now compute the second differential. Recall that

2(1,0) = § (det(r,m, 12, 3) + det(x, 11, 02))
We have
da(u/ o, w) = (Dua)(v/ w) + (Dva)(w/ u) + (Dwa)(u/ U) *
Then

4(D,a)(v, w) = det(ui, n, vy, wy) + det(x, uy, vp, W)
+ det(uy, n, wy, v1) + det(x, uy, wo, v1) .

Now we use the fact that 1, v; and w; are all normal to x, while u,, v, and w,
are normal to n. Thus

4(Dlla)(vl w) = - <02/ -x> dEt(ull n,x, wl) + <w1/ n> det(x/ Up, 0y, n)
— (W, x) det(uq, 1, x,v1) + (v1, n) det(x, up, wy, n)
= — (02, x) O1(w, u) + (wy, n) O2(u, v) — (W, x) 61(1, V) + (v1, n) Or (1, w) .

Thus 4da = 2n* A 6, — 2x* A O;. O

The following proposition identifies § as the connection form of a holonomic
surface. Let S be an holonomic surface, and then we have a linear map from
TS@mS to Qu.n), both seen as subspaces of W @ W, given by

Az (o) J(u+v,u+0),

Proposition 5.6. The linear map A is an isometry from T,,S equipped with its first
fundamental form at infinity with Q. equipped with the induced metric from W @ W.

Proof. Let U = (D,x, D,n) be a tangent vector to S. Then
<A(U), A(U)> = % (Dux +Dyn,Dyx + Dyn) = I*(LI/ u) .

This completes the proof . |
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5.3.2. Variation of surfaces. To show Theorem 5.3, we will use the following lemma.
Let o be the isotropic surface associated with g; =: e**¢ and 1), its dual surface.
Write (0,7) = (00, 10) and denote by ¢ and 7 the derivative at t = 0.

Lemma 5.7. Using the above notations, we have
o=uc and 1= —-un-Viu,
where V&u is the g-gradient of u, that is the vector field on S satisfying g(V8u,-) = du.
Proof. By construction, the sections (o, 1);) satisfy
or=¢e"0 , (M, =0, and (o, ) =1.

Derivating the first equation gives ¢ = uo. The second gives (17,77) = 0 and the
third gives (1, 0) = —u . In particular, there is a vector field X on S such that

11 = —un+ Dxo .

We now obtain the expression of X. Let Y be a tangent vector on S. Then the
last equation to be used is

(Dyoy, i) =0.

We differentiate in time the last equation to get
(Dyo,n) +{(Dyo, 1) =0.
Using the previous identifications, we obtain
0 = du(Y) + u(Dyo, n) — u(Dyo, o) + (Dyo, Dxo) = du(Y) + (Dyo, Dxo) .
Using the equality (Dxo, Dyo) = g(X, Y), we finally obtain
du(Y)+g(X,Y)=0,

which yields X = —Véu and the result. O

Proof of Theorem 5.3. Let (X¢)ier be the family of holonomic surfaces associated
with e?* g. From Proposition 4.2 and Lemma 5.7, we see that the variation C of the
tamily of holonomic surfaces along ¥ is given by

C=(C, &)

2
= (uo + un + Veu, uoc — un — Véu)

= (nu + gvgu,xu - gvgu) .

Given a family of compact cobordisms ¢; to define the Liouville action, we
obtain

d

dt

Sy(g, ) =~ | ¢'1e(w —da).
»(g,€e7"g) fsqbtc(w )

t=0
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A first computation gives for U and V tangent to X
tew(U, V) = det(x, C1, U, V1)
= udet(x, n, Uy, V1)
=u6:1(U, V),
where we used the fact that V3u is tangent to X. Similarly for U and V tangent to
Lo
2ieda(U, V) = (n" A O, —x" A O1)(C, U, V)
=(1n,G) (U V) = (x, () 61(U, V)
=u(62(U, V) + 0:(U, V))) .
It then follows that

1 1
Lc(a) - da) = Eu(Ql - 92) = EM dﬁ ’

where the last equation comes from Proposition 5.5. Now df is the curvature of
the bundle Q over S, thus from Proposition 5.6, df is also the curvature of the
bundle TS equipped with the first fundamental form at infinity. O

6. LIOUVILLE ACTION ON THE SPLIT ANNULUS

6.1. Liouville action for metrics equal outside of a compact. We now concentrate
on the special case of a lens cobordism (M, ¢) between split annuli. Recall that we
denote by A the split annulus defined in Section 2.2. We assume that M = AX[0, 1],
¢ is a map from M to UH*!, such that

(1) ¢ restricted to M is a holonomic surface.
(2) Let ¢(x) := ¢(x, t), then ¢, is constant in f outside a compact set in A.

we observe that W(M, ¢) does not depend on ¢ but just ¢y and ¢, and we write
WM, ) = Wido, $1),

Observe also that, thanks to Theorem 3.1, given an immersion ¢ of A in Ein"! and
two metrics gy and g; on A outside of a compact set, we obtain two holonomic
surfaces ¢y and ¢, and we define

Wy(g0,81) = Wido, ¢1) -

We have two immediate and important corollaries
Corollary 6.1. The quantity ‘W (go, §1) does not depend on .

Definition 6.2 (LiouviLLE AcTiON). We will therefore define unambiguously the
Liouwille action between two metrics hy and h; on A equal outside a compact set as

S(ho, hy) == Wy(ho, 1) ,

where 1 is any immersion of A in Ein''!.
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The following corollary of the variational formula justifies the name of Liouville
action.

Corollary 6.3 (CriticaL PoINT). With the same notation as in Theorem 5.3, if g in
M(A) is a critical point for all compact Weyl scaling preserving the area, then g has
constant curvature. More precisely, if for all u compactly supported functions on A such

that fA udag = 0, we have

d 2tu _
atl S(g,e™g) =0,

then, g has constant curvature.

Remark 6.4. (1) The two terminologies Liouville action for pairs of metrics, or
W-volume for pairs of Epstein surfaces are here for historical reasons in
the Riemannian context [14,20] and the choice depends on whether one
wants to insist on metrics or surfaces.

(2) Since we can glue isotopies, as a corollary of the same relation for compos-
ing cobordisms

S(h1, hy) + S(ha, h3) = S(hy, h3) .

6.1.1. First properties. We now summarize some of the consequences of the varia-
tional formula for the Liouville action. Let S be a surface and ¢ be an immersion

of S in Ein'"! with ¢t trivial.

Proposition 6.5. Let g and h be two metrics in M(A) with h = e¢*g for a compactly
supported smooth function u, then

(1) The Liouville action can be expressed in terms of the conformal factor u by

S(g,h)z—%Lng+%j;ud(duOI).

(2) The monotonicity formula holds

S(g, h) = 1 f u(Fg + Fy) .
4 Ja
(3) For any split diffeomorphism ¢ of S, we have the split invariance

S(p'g, ¢*h) = S(g, h) .

Proof. Write g = ¢*g so g = go and h = ¢;. By Theorem 5.3 and the Chasles
relation, we have

d 2tu __1
dtW(g,e Q) = Z‘Lqut'

Using Proposition 2.9, we have

Foy = Fg +td(duol).
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This gives

1

d
W(g, h) = dt“W(g, e g) dt

fj(—lqu +;fsud(duol))dt
—%fulf + - fAud(duoI)
= 4fu(l—“ + Fp)

where for the last equality, we used d(du oI) = F, — F;. Thus, items (1) and (2)
follow. The split invariance is a direct consequence of the change of coordinates
formula. m]

Remark 6.6. If ¢ = dx dy and u are compactly supported, then

S(e™g,9) = 1 f udryudx dy = % f&xu dyu dx dy.
A

More generally, if u is compactly supported, the expression in Proposition 6.5
above can be rewritten as

1
S(e™g,9) = 1 L(Zqu — uOg u) da,

where da, is the area form of g. This expression coincides with the Liouville action
with zero cosmological constant in the physics literature, see, e.g., [22].

6.2. Liouville action for general metrics. We are moving beyond metrics that are
equal at infinity. In this section, A is the split annulus.

6.2.1. The S-class. We denote by M(A) the space of weak metrics, that is, the space
of volume forms on A defining measures absolutely continuous to the de Sitter
volume form.

We also denote by M,(A) the set of C*> metrics in M(A) whose sectional curva-
ture is bounded (namely, in L*(A)).

Definition 6.7. Let ¢ be a metric in M,(A). The S-class of g is the set S, of weak
metrics i in M(A) of the form ¢?g where u satisfies

(1) the function u is to L*(A, da,) where da, is the area form of g associated
with the volume form wg,

(2) the function u tends to 0 uniformly on JA (that is, for any ¢ > 0, we have
|u| < e away from a compact set),

(3) the d’Alembertian O, 1 belongs to L*(A, da,) and L'(A, da,)

(4) there is a polygonal curve P such that VB(u, P) is finite.
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Observe that if u is C°, then item (1) follows from item (2).
Moreover, condition (4) is easily satisfied, in particular when u is in C'.
We denote by S the S-class of the de Sitter metric go.

A polygonal curve in A is an oriented loop P made of finitely many lightlike
segments and whose vertices project on each factor RP' to a cyclically oriented
tuple (see Figure 1). We say that a tuple (s, ..., ay) represents P if

e the projection of (a, ..., @) on each factor is cyclically oriented,
e for any i the points a,; and a,;,; are the extremities of a vertical segment
[ai, ani11] contained in P,
e for any i, the points a1 and ayi1-2 are the extremities of a horizontal
segment [a2iz1, @2is2] contained in P,
o P =¥ [a;, ai1] with agsr = .
Observe that we do not assume that a; # a1, so we have many sequences that
represent the same curve. For any function f on A and polygonal curve P, we
define

i=1

VB(f, P) = sup {Z lu(azi—1) — u(a)l, (ai,...az,) representing P} .

X6

RP!

[ Pre—
[ )

RP!
Ficure 1. A polygonal curve P represented by (a4, ..., @)

Lemma 6.8. Let g be a metric in My(A). If his a C* metric in Sg, then h is in My(A)
and S; = S, — in particular, being C* and in the same S-class defines an equivalence
relation on My(A).

Proof. Write h = ¢ g. Using Proposition 2.9 we have
Og 1 = K1)~ K(g),
so K(h) belongs to L*(A) since K(g) and u do. It follows that / is in My(A).
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Since u belongs to L¥(A), there exists a positive A such that A™ < ¢* < A. In
particular, since da;, = e*day, we have L'(A, dag) = L'(A, day,).

Let f be a metric in S, of the form f = e*g. Then f = ¢*“h. It follows
that w = v — u satisfies items (1) and (2) of the definition above. Moreover, by
equation (2.1)

Oyw=e 0w,

it follows that item (3) of the definition is satisfied. Hence f belongs to S;.
Similarly for item (4), we observe that the condition is satisfied by w which is C2.
The result follows. O

For a weak metric /1 in the S-class of ¢ with i = ¢?g, we write

Fyp=F;—d(duol).

Observe that this notation is coherent for C>-metrics by Proposition 2.9. and
moreover, F, does not depend on the choice of the C?-metric g such that 1 belongs
to the S-class of g. Finally, one observes that F; belongs to L*(A).

6.2.2. The Liouville action.

Definition 6.9. Let ¢ and / be two metrics in M(A) of the same S class. Write as
before h = ¢**¢. The Liouville action is then

S(g,h):—%ful—"g+}1fud(du01).
A A

Observe that since F, = K(¢)da, and d(du o I) = O, u dag,, our assumptions on
the S-class imply that both integrals are defined.

Proposition 6.10. Let g, liand k be metrics in My(A) in the same S-class, write h = e*'g
and let ¢ be a C? split diffeomorphism of A. Then

(1) The monotonicity formula holds

S(g, h) = _411 Lu(Fg + Fp) .
(2) The metrics @*g and @*h are in the same S-class and
S@'g, ¢'h) = S(g h).
(3) Chasles relation holds
S(g, h) +S(h, k) = S(g,k) .

Lemma 6.11. Given any two embedded curves Py and P, then

[VB(f, Po) — VB(f, P1)| < fAmg(fn da .
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Proof. Let (a;) and (B;) be sequences representing Py and P; respectively, such that
a; and f; are on the same vertical segment. In other words, (i1, a2i, fai-1, P2i) are
the vertices of a diamond A. Observe now that

fA |0e(f) dag > fA A(df o | = 2| f(Ba1) = F(Ba) + Flam) = flan )]

Thus
|f(Baiz1) — f(Bai)l < If(azica) — flazi)l + 3 j;||3g(f)| da, .

The result follows. O

This lemma has a useful corollary

Corollary 6.12. Let u be a C? function in the S-class of g. Then there is a constant K,
such that for any polynomial curve P.

VB(u,P) <K, .

Proof. Since u is C? then for any polygonal curve Py such that VB(u, Po) is finite.
Moreover, by Lemma 6.11 we have that for any polygonal curve P

VB(u, Po) < VB(u, P) + 31| Oy ()]s -
The result follows. O
Proof of Proposition 6.10. Item (1) follows from Proposition 2.9 since d(du o I) =

Fy — F,. Item (2) follows from the change of variable formula.
For item (3), write h = ¢*¢ and k = e*’h. Then by item (1) we have

S(g,h) + S(h, k) - S(g, k) = _411 j; (u(Fg + Fu) + 0(Fy + Fe) = (u + v)(Fg + Fy)
= ‘}1 fA (u(Fx = F) = o(Fg - Fy))

:_}Lﬁ(ud(dvol)—vd(duol»-

Recall that A = P(V) x P(V) \ A and parametrize P(V) by the circle R/Z.

Let {Cnlnen be a sequence of polygonal curves in A that converges uniformly
to A, and denote by Vy = {af, ..., agw} the (cyclically oriented) vertices of Cy. By
construction

lim sup(|u(x)], [o(x]) =0 .
N—eo xeVy

Let Ay be the bounded connected component of A\Cy. Since duAdvel = dvAducl,
applying Stokes to Ay gives

S(g,h)+8(h,k)—8(g,k):—31 Aygolofc(uclvol—vduol).
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Then denotmg cN the lightlike arcjoining a to @}, and dY the lightlike arcjoining

N 2i+1
@y, to ‘le oy We have
kn
f (udvol—ovduol)| < Z (f (udv + vdu) — f (udo + vdu))
Cn i=1 \Je! dy
N
=21} u(ad o(ahl ;) - u(a)o(a)
i=1
< Z () = () >|) sup (jo(a))
i€{1,N}
- Z [o(ab ;) — (e, )|J sup (ju(al))
ief1,2kn)
< (VB(u, cn) + VB(v, en)) sup(jux)], [o(x)).
xeVy
The result now follows from Corollary 6.12. m|

6.3. The Liouville action between two uniformizing metrics. A uniformization
of the conformal annulus A is a C? split diffeomorphism between A and dS_". The
uniformizing metric is then the pullback of the de Sitter metric by uniformization. In
particular, any uniformizing metric is of the form ®*g, where gy is the "standard"
de Sitter metric and ®@ is a C? conformal diffeomorphism of A. Here we prove the
following.

Proposition 6.13. Any uniformizing metric hon A is in Sy and S(h, go) =0

Proof. Let us first prove that /1 is in the S-class of g. We have h = ®*g, for a C?
conformal diffeomorphism of A. By Proposition 2.13, @ is given in the splitting
A = RP' x RP' \ A by O(x,y) = (p(x), p(y)) where ¢ is an orientation preserving
C?-diffeomorphism of RP'. In particular, identifying RP! with R U {co} we have

[, dxdy ')’ (y)
h = = dxdy.
? (2 (- y)Z) e - pmr Y
Thus, we can write h = e*' ¢y for
1 (x — y)2<p’(x)(p’(y))
=1 :
2 Og( (p(x) — @(y))?

Lemma 6.14. Using the notation above, we have the following estimates

u =

u(x,y) = 3= 47, + ox ~ )’

where S, is the Schwarzian derivative of .
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Proof. Let us prove the second item first. For y = x + ¢, the Taylor expansion of ¢
and ¢’ at x gives

= ) = S (1L s 2L o)

and similarly

’” 1 2

(00 - 7 = g 0P (14 2+ L8 1 o)

PO L (PR ¢
O (4(p'<x)2 ’ 3(p'<x>) ’ "(Sz)) ’

= &2’ (x)* (1 + ¢

that is

_2Per W z(gso"<x>2_1<p~<x>) :
(<p(9c)—<p(_1/))2_1 o T \Te R 3 +ole).

This finally gives

G- YPeW) e (390”(96)2 LW 9" ¢ ()
(p(x) = @(y))* de'(x)*  3¢'(x)  @'(x)*  2¢'(x)
_ 1 QOW(X) 3 g0//(x)2

- 582( ) 2@

) +0(e?)

) +0(e?) .

Thus, using
(P///(x) ~ quﬂ(x)z
P'x)  2¢(x)?*’

S(p(x) =
we obtain that

u= %ezS(p(x) +o0(e?),

and the result follows. O

The above lemma directly implies that u tends to 0 uniformly on JA and thus
u belongs to L*(A).

Observe that K(go) = K(h) = 1, so by Proposition 2.9. Thus Oy, u = ¢* — 1 is then
inL*(A). Moreover Og, u which is in L'(A, dag,) by Lemma 6.14. This completes
the proof that / is in S,.

To prove that S(h, go) = 0, observe that the split invariance implies that for a
1-parameter subgroup {®;};cr of split diffeomorphisms, we have

S(Dj1580, P;g0) = S(P; o, o) -

Hence, it suffices to prove that

d . B
a =0 S(q)tg(]/ gO) - O 7
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for any 1-parameter subgroup. Let u; be such that ®: g, = e*g, and

a4
Todr

Let & be the vector field that generates ¢,, then we get

U .
t=0

- <
ot = 5 €0+ @) - (=)~ o -y,
since & is C°. It follows that « is in L'(day,). In particular, we have

dt

S(D;go, g0) = fa day, . (6.1)
A

t=0

By Proposition 2.9, and since go and ®; g, have constant curvature «
d(dug o I) = Fyy — Farg, = x(dag, — dagng,) = x(1 — *)day, .

By Lemma 6.14, for every t, the function u; extends smoothly to Ein"' to a C?-
function vanishing on A. Thus, we have

f d(du, oT)=0. (6.2)
A

L(l — ) dag, = 0.

Taking the derivative at t = 0 and using equation (6.2) yields

fadagozo,
A

and the result follows by equation (6.1). O

It follows that

7. PoOSITIVE CURVES
7.1. Crossratio. Denote by (RP')® the space of 4-tuple of pairwise distinct points
in RP".

Definition 7.1. A crossratio is a continuous function b from (RP')® to R that
satisfies the cocycle relations

b(x,w, X, Y)b(w,y,X,Y) =b(x,y,X,Y), (7.1)
b(x,y, W, Y)b(x,y, X, W) =b(x,y, X, Y) . (7.2)

We say that a crossratio is positive if it satisfies furthermore b(x, y, X, Y) > 1 for any
cyclically oriented 4-tuple (x, y, X, Y) in (RP")®.
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Smooth positive crossratios are related to smooth metrics as follows. The
diamond defined by a cyclically oriented 4-tuple (x, y, X, Y) in (RP")® is
0, y, X, Y) ={(w,0) € [x, yI X [X, Y]} C A,
where we recall that A = (RP' x RP!) \ A.
Given a positive crossratio b, define the b-area of a diamond by
Areay, (0(x, y, X, Y)) = log(b(x, v, X, Y)) .

One easily checks that the cocycle relations (7.1) and (7.2) are equivalent to the
additivity of Area, (see Figure 2). Since a smooth metric is characterized by its
area form, any smooth positive crossratio b defines a unique crossratio metric gy.

Ficure 2. Additivity of the crossratio area

7.2. Positive curves in flag varieties. An important class of positive crossratios
is obtained by considering positive curves in (self dual) flags varieties (see [1]).
Here, rather than providing an abstract definition of the theory, we highlight its
key aspects and illustrate them with examples. The interested reader canread [12].

Let G be a semi-simple real Lie group with finite center and F a flag variety of
G. The action of an element ¢ € G on F is called loxodromic if there is a pair (x_, x)
of g-invariant transverse points in F such that if U is the set of transverse flags to
x_, the sequence {¢"},en converges to the constant map U — {x,} on any compact
set in U. The points x, and x_ are respectively called the attracting and repelling
fixed point of g.

A positive structure on Fis a property of triple and quadruple pairwise transverse
flags that satisfy a set of axioms (see [10] for more details). The set of pairs (G, F)
admitting positive structures has been classified by Guichard—Wienhard in [12]
and is deeply connected with the theory of higher rank Teichmidiller spaces.

As a consequence of the definition of positivity, we have for every transverse
pair p and g in F a finite family of nontrivial open cones C;;(q) foriin {1,...,n}
in T,F (which we identify with the Lie algebra of the unipotent radical of the
stabilizer in G of g), such that for any u in C;(q), the triple (p, exp(u), q) is positive.
We call such a triple (p, u, q) an arrow. By properties of positivity, if (p,u,q) is an
arrow, so is (p, Au, q). By positivity, the stabilizer of a positive triple is compact,
and so is the stabilizer of an arrow.
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This notion of positivity for (G, F) comes together with:

e A notion of positive curve, which is a continuous map y from RP' to F
sending triple and quadruple of cyclically oriented pairwise distinct points
in RP' to positive triples and quadruples of flags, respectively.

e A conjugacy class of homomorphisms I from PSL,(R) to G, such that any
semi-simple element is mapped to a loxodromic element and (PSL,(IR))
has compact centralizer for any ¢in 7.

e A notion of circles that are i-equivariant positive curves c from RP' to F for
tin 7.

e For any dominant weight w and positive curve y, a positive crossratio b, ,,
on y see [1].

Fix (G,F) and a dominant weight w. By uniqueness of the crossratio on RP,
there exists a positive integer A such that the positive crossratio associated with a
circle has the form

beo(t, v, X, Y) =[x, v, X, Y]",
where [+, -, -, ] is the standard projective crossratio on RP! normalized by
[0,1,x,00] = x.

So by construction, we can associate a metric g, with any smooth positive
curve y in F. When y is a circle, the metric is equal to Agy.

We define a super-positive curve to be a C'-positive curve f so that for any two
distinct points p and g in RP', for any u in TPRPl, then (f(p), T,f(u), f(g)) is an
arrow. We leave it to the reader to verify that the requirement that f be positive

is, in fact, redundant and that there exist Cl-positive curves that are not super-
positive.

Definition 7.2 (Liouville action for positive curves). Let (G,F), v and A be as
above, and y a smooth positive curve in F such that g, , is in the S-class of 1g.
The Liouville action of y is

S©) = 8(8y,0,Ag0) -

Observe that the Liouville action of curves is invariant under reparametrization.
Indeed, if y is a smooth positive curve such that g, , is in the S-class of 1gy, and

@ is a C° orientation preserving diffeomorphism of RP, then
50 = Cp*g)/,m
for 6 = y o p and O(x, y) = (p(x), (y)). In particular, by Chasles relation, we have
S(gé,w/ AgO) = S(q)*gy,w/ /\(D*go) + S((D*gOI AgO) = S(gy,w; /\gO)
where we used the split invariance and Proposition 6.13. Similarly, the Liouville

action is invariant under the left action of G.

7.3. Examples. We now illustrate the notion of positivity on three different ex-
amples.
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7.3.1. The case (PSLy(R), RP'). Consider the pair (G, F) = (PSLy(R), RPY). In this
setting, a positive triple is a triple of pairwise distinct points in RP' while a positive
quadruple is a cyclically oriented 4-tuple of pairwise distinct points.

A positive curve is then an orientation-preserving homeomorphism, a super-
positive one is a C'-diffeomorphism, and a circle is just a Mdbius map.

In this situation, the dominant weight is unique and gives the standard cross-
ratio. By invariance of the Liouville action under reparametrization, our invariant
is always zero.

7.3.2. The case (PO(2,2), Ein'"). Consider now (G, F) = (PO(2,2), Ein'"). A posi-
tive triple in Ein'' is a triple of points that spans a linear space of signature (2, 1).
A positive quadruple is a 4-tuple of points (a,b, c,d) such that any subtriple is
positive and whose projection on the first factor in Ein'' = RP' x RP' is cyclically
oriented.

Then a positive curve is of the form

_{RPl — RP!xRP!,
v Eoe @0),00),

where ¢ and ¢ are two orientation preserving homeomorphisms. It is super-
positive if and only if ¢ and ¢ are furthermore C'-diffeomorphism.

The group homomorphism ¢ is then the composition of the isomorphism be-
tween PSL,(R) and SOy(2,1) with the reducible embedding into PO(2,2). In
particular, y is a circle when both ¢ and ¢ are Mobius.

Let us now consider the Liouville action. By invariance under reparametriza-
tion, it is enough to consider the case 1) = Id. There is a dominant weight w such
that the associated positive crossratio is

by,a)(xl Y, X, Y) = [x/ Y, X, Y] [QD(X), go(y), @(X)/ (P(Y)] .

When ¢ is C°, the crossratio metric is equal to gy + P*go for D(x, y) = (¢(x), p(v))
and so is in the S-class of 2g) by Lemma 6.14.

7.3.3. The case (PSL3(R), F(R?)). Let F(IR®) be the space of full flags in R? that we
see as the set of pointed projective lines in RP>. A triple (fy, f2, f3) is positive if
the points (x4, x2, x3) form a triangle inscribed in a triangle with edges (¢1, {2, (3),
where f; = (x;,¢;). Similarly, a quadruple (fi, f», f3, f1) is positive if the points
(x1, X2, x3,x4) are the cyclically ordered vertices of a quadrilateral inscribed in a
quadrilateral with edges (€1, {2, (3, {4). See Figure 3.

A positive curve in this setting is then a continuous map

, { RP' — F(R?),
to— o (x(),€),

where the curve defined by x bounds a strictly convex set C in RP? and for any ¢
the line £(t) is a support line of C (see Figure 3).
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0 2 .
l3 x(t)

n X C

I / X2 !
X1 X3 A
b
51 €4

X4

X3

Ficure 3. From left to right: positive triple, quadruple, and curve

In this case, the group  is the composition of the isomorphism between PSL,(R)
and SOy (2, 1) with the embedding of SO((2, 1) into PSL(2, R). In particular, a circle
in F(IR®) is the lift of a quadric in RP* parametrized projectively.

For the crossratio, there is a dominant weight w such that

(€(s1)|x(t1))XL(s2)lx(£2))
(L(s1)lx(E2)){E(s2)Ix(tr)) 7
where to define {£|x) we choose a non-zero linear form on R® with kernel £ and

apply it to a chosen non-zero vector in x (the above quotient is indeed independent
on the choices). In particular, circles have Fuchsian crossratio of weight 2.

b%w(tlz tZ/ 51, SZ) =

7.4. Piecewise circles and finiteness. Given a conjugacy class of SL,(R) in G, a
circle (with respect to this class) is a closed orbit of an element of that conjugacy
class PSL,(R) in G isomorphic to RP'. This defines a family of circles on which G
acts transitively. A family of super-positive circles is a family of positive curves such
that

(1) every circle in the family is super-positive,
(2) there is a unique circle in the family passing through a given arrow.

Observe that there exist positive circles which are not super-positive: an ex-
ample comes from the projection of the Veronese embedding (corresponding to
the irreducible SL,(R) in SO(2,3)) in the Einstein universe as in [5, Section 5.3].
However, one can check that the examples in the previous paragraph are super-
positive. Moreover, any positive circle invariant by the ®-positive subalgebra
introduced in [12, Section 7] is super-positive.

Definition 7.3. Let (G, F) be a positive flag variety. A piecewise circle is a C* positive
curve y from RP' to F that is piecewisely a super-positive circle map. The end of
the intervals on which y is a circle map is called a turning point.
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Theorem 7.4. Let (G, F) be a positive flag variety and w a dominant weight such that
circles have Fuchsian crossratio of weight A. Then for any piecewise circle y, the crossratio
metric g, is in the S-class of Ago. In particular, S(y) is finite.

7.4.1. Preliminary on super-positive circles. Let a be the parameterization by RP! of
a super-positive circle Cy with a(0) = p and a(c) = g. Let ( be the embedding of
PSL,(R) in G associated with @ and H := ((h), where h is a diagonal element in
PSL,(R) with attracting fixed point 0 in RP'. Recall that : has a compact centralizer
denoted by K. Thus, if C denotes the space of (unparametrized) circles in F of the
same type as Cy, we have

C = G/ ((PSLy(R)) x K) .
Set £ = T,Cy and define
Clp,6)={DeClpeDand T,D ={}.
We will need several lemmas in the sequel

Lemma 7.5 (CompacTNEss). Let (po,uo,qo) be an arrow. Then there is a compact
neighborhood K of qo such that

o for any q in K, (po, uo, q) is an arrow.
e the set of circles in C(p, {) that intersects K is compact.

Proof. Observe that being positive for triples is open. Thus, for K a small enough
neighborhood of g, the first item holds. Let as before G; be the stabilizer in G of
(p, u). Observe that G; acts algebraically in the algebraic variety F. By a corollary
of Rosenlicht (Theorem [9, Corollary 2.2.a]), the orbits of G; are embedded. In
particular, K N Gy - q is compact for K small enough. Since C(p,¢) = G;/K;, for
some compact subgroup Kj, the second item is satisfied. O

Lemma 7.6 (ConTrACTION). The action of H on C preserves C(p,{). Moreover, the
action of H™' on C(p, €) has the circle Cy as an attracting fixed point and more precisely

ITe,H 'l < 1.

Proof. The first statement follows from the definition of C(p, £). The element H™!
is loxodromic with an attracting fixed point q in Cy and repelling fixed point p.
Since F is equal to its opposite, the attraction basin of g is the set of elements of F
that are transverse to p.

Let Cbe an element of C(p, £). Since C is positive, given x in C\ p, x is transverse
top.

It follows that for any such x, {H"x},en converges to g. Then by Lemma 7.5, we
have that {H™"D},en converges to a circle in C(p, {) passing through g and p and
tangent to £, which thus must be equal to Cy by the second item in the definition
of super-positive circles.

Let G; be the subgroup of G preserving (p, £), Ly the centralizer in G of H, L, the
centralizer in G; of H. Then (p, ¢) is fixed by L, since H has a unique fixed point
in C(p, {) near (p, {) by the previous discussion.
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Observe now that Gy acts transitively on C(p, {) and therefore is a Gi-space. Let
Hy be the stabilizer of Cy. Then let g, g; and b, be the Lie algebras of G, G;, and
Ho respectively. Recall that Ad(H) is real diagonalizable as an endomorphism of
g. Since Ad(H) preserves both g; and by, it follows that we can write g; = h @ V,
where V is stable by Ad(H). By the first paragraph, all the eigenvalues of Ad(H)
on V are no greater than 1. Moreover, by the previous paragraph, Ad(H) does not
have 1 as an eigenvalue on V. It follows that all the eigenvalues of Ad(H) on V
are less than 1 and thus Ad(H) is a contracting endomorphism on C(p, ¢). O

We observe that as a corollary, C(p, {) is contractible. We will also need
Lemma 7.7. There is an H-invariant submanifold . containing q and transverse to C.

Proof. We choose a representation p of G in SLy(R), such that there exists an
equivariant embedding of F in P(RY).

Let ¢ be the corresponding representation of SL,(IR) in SLy(R), let f be a -
equivariant map from RP' to SLy(R), & be a generator of the diagonal group in
SL,(R) and H := ((h).

Since H is R-split, there exists a hyperplane invariant by H that does not contain
g = f(c0). Sending this hyperplane to co, we have a linear chart of SLy(R) in which
Hislinear and R-split. Then, since the tangent line ¢, to f(RP") at co is H-invariant,
there exists a hyperplane V through 0, which is transverse to £ and H-invariant.
Then, the foliation # by affine hyperplanes parallel to V satisfies the required
properties. This concludes the proof. |

7.4.2. The conformal factor. Let y : RP' — F be a piecewise circle and write g, =
e?(Ago) where A is the weight of a circle and g is the de Sitter metric on RP' x
RP' \ A. We now prove several lemmas.

Lemma 7.8. The function u satisfies the following properties
(1) The function u is C°,
(2) there are finitely many horizontal and vertical lines outside of which u is C*®,
(3) u is zero on a neighborhood of A \ W, where W is the set of turning points,
(4) the distribution Og u is locally bounded.

Proof. This is a consequence of the fact that y is C' and smooth outside the turning
points. For the last statement, let z be a point in A and gy, a flat (1,1) metric
conformal to gy in the neighborhood of z. Since u is piecewise C?, it follows that
g, 4 is bounded in the neighborhood of z. Since

(Dgo ”)(‘)go = (Dgﬂat u)a)gﬂnt ’

the same can be said about O, u. m]
Corollary 7.9. There is a polygonal curve P on which VB(u, P) is finite.

Proof. We choose a polygonal curve that is transverse to the horizontal lines and
vertical lines on which u ceases to be C*. Then u restricted to P is continuous



LIOUVILLE ACTION 39

and piecewise C'. It follows that u is of bounded variation on P and the result
follows. O

7.4.3. The function u on the neighborhood of a turning point. Thanks to Corollary 7.9
and Lemma 7.8, the theorem reduces to the following lemma.

Lemma 7.10. We have

(1) The functions u and Oy(u) tend to 0 uniformly on JdA.
(2) The distribution Og(u) belongs to L™ (A, day).

In fact, it is enough to control the behavior of u and O, u in the neighborhood
of a turning point w. Since y is a piecewise C'-circle, we can find a subdivision of
RP' into finitely many intervals

RP! = U Ii , I =lai,ai1],

such that y; := y|;, is a circle parameterization and we have

Viai1) = Yin@ina) , 7aim) =y, @) -

K := Ulixl.,

[i—jl>2

Since

is compactin A, by Lemma 7.8, O, u belongs to L'(K, da,) and L*(K, da,). Moreover
uis zeroon I; X I; \ A. Thus, the lemma follows from

Lemma 7.11. We have

(1) The function u tends to 0 uniformly when converging to a;,
(2) Thedistribution O4(u) belongs to L (A;, dag) and LY(A,, dag), where A; = [;XI;y;.

Proof. Since the ordering is meaningless, we can focus on i = 0. After some
Mobius change of a parametrization of RP' we further restrict to the following
situation:

(1) letyqbe therestriction onaninterval [—c, 0], with c positive of the parametriza-
tion ag of a circle Cy,

(2) let then g := ay(e0), h be a diagonal element in SL,(IR), and H := y(h) where
lp is the embedding of SL,(IR) associated with ay,

(3) let £ be the hypersurface of F, transverse to a, and passing through g
invariant by H (provided by Lemma 7.7).

Let O be the open neighborhood of Cy in C(p, {) of circles that intersect ©. We
saw in Lemma 7.6 that H™" acts on O and furthermore that Cy is an attracting point
of H! with

ITe,HI<1.

First sTEP: a function on O
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We now parameterize each of the circle C in O by ac uniquely defined by
ac(0) =p, ac(0) = ao(0), ac(eo) € L.
From the uniqueness of the parametrization we have that
apyac=Hloacoh. (7.3)

For each C, we then have a C! (piecewise C?) metric gc on [—c, O] X [0, o] \ {(0, 0)}
and a C! (piecewise C?) function uc defined by

ZMC

gc =e"g .
It then follows from equation (7.3), that
Uy-1c = Uc O h. (74:)

A final step in our construction is the choice once and for all x and w points in
RP! with xin | — ¢,0[ and w in ]0, co[. This allows us to define the L-shape

Li = ([1"(0), K ()] X [0, B (2)]) U ([H*(x), 0] x [H* (w), K (w))

and observe that

Ly = h(Ly) . (7.5)
We now define the functions U, V; and W, on O by
ACE NN 7.6)
Lo
Ur(C) = rrkax(|uc|) , WL(C) = mLax(| O ucl) . (7.7)
0 0

SeconD sTEP: We now prove that the functions V, U, and W, are Lipschitz on O,
and moreover,

VL(H™C) = f | Oge tic] wge (7.8)
Ly
U (H™*C) = miax(lucl) , WL(H™C) = mLax(I Og. Ucl) - (7.9)
k k

The fact that the functions are Lipschitz just follows from the fact that for any
compact K in [-c,0] X [0, o], then C + uc is a smooth function with values in
C*(K,R). Let us check the final statement. By definition, setting Cy = H™*(C)

L N e 7.10)
Lo LO

= f |d(duc o hF o )| = f |d(duc oI o k)| = f |d(duc o I)| . (7.11)
Lo Lo Ly

Here we used equation (7.4) in the third equality and equation (7.5) in the last.
The assertion (7.9) that U (H™*C) = maxy, (Juc|) follows from a similar proof. This
concludes the proof of the second step.
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FiNnaL steP: It follows from the previous step that U (Cy) converges to U (Cp) =0
when k goes to infinity. This implies that max;, |u| converges to zero when k-
converges to infinity, and thus, 1 converges uniformly to zero as one approaches
0. The same holds for max;, | Og. uc| .

Moreover,
|d(duc o I)| = d(duc o)l = ) V(H™(C)).

But for C in a compact, |V1(Cop) = VL(C)| < K1d(Cy, C) since V is Lipschitz. It follows
that for k large enough, there exists a constant K, such that

IV(Co)l < K27,
since V1(Co) = 0 and ||Tc,H!|| < A < 1. The result follows. O
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