MINIMAL SURFACES WITH NEGATIVE CURVATURE IN LARGE DIMENSIONAL
SPHERES
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ABSTRACT. In this note, we answer positively a question of Yau by proving the existence of
closed minimal surfaces with negative induced curvature in any sphere of large dimension.
The proof follows the strategy of Song, applying it to closed Riemann surfaces with large
automorphism groups, and obtaining almost hyperbolic minimal surfaces.
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1. INTRODUCTION

A classical result due to Robert Bryant [1] states the nonexistence of closed minimal sur-
faces with constant negative induced curvature in round spheres. In [16], Shing-Tung Yau
asks the question of existence of closed minimal surfaces in spheres with negative induced
curvature. In this paper, we give, as a corollary of our main result, a positive answer to this
question:

Corollary 1.1. There exists a closed minimal surface of negative curvature in any round sphere of
large dimension.

The proof follows the asymptotic strategy — when the dimension goes to infinity — de-
veloped by Antoine Song in [15]. In particular, we do not have any information on the

F.L and J. T acknowledge funding by the European Research Council under ERC-Advanced grant 101095722.
J. T acknowledges the support of the Institut Universitaire de France.
1



2 M. ANCONA, E. LABOURIE, A. ROIG SANCHIS, AND J. TOULISSE

dimension of the sphere for which it happens, although it is a well-known consequence of
Gaufsi-Codazzi equations due to Blaine Lawson [10, Proposition 1.5] that closed negatively
curved surfaces cannot exist in S°.

The novelty lies in the fact that we refine Song’s construction and get the stronger result

Main Theorem. For each integer n large enough, there exists a negatively curved closed minimal
surface X, in the round sphere of dimension n. Furthermore, we can choose X, such that for all
integer k

lim [|x, + 8| =0,

where K, is the curvature of 2.,
Finally there is a closed Riemann surface X, such that for each n, there exists a finite group I’ in
the isometry group of the n-sphere such that X = T',\%,.

In other words, asymptotically, Bryant’s result does not hold. We give an idea of the
proof now: in his groundbreaking work, Song developed a new strategy to study harmonic
maps into large dimensional spheres that are equivariant under unitary representations.
Applying this general construction to the hyperbolic sphere with 3-cusps, Song obtained in
[15, Theorem 0.3] a sequence of minimal surfaces in spheres that converges in the Benjamini-
Schramm sense to the hyperbolic plane. The lack of smooth convergence in his theorem
comes from the noncompactness of the cusped hyperbolic surface.

The main idea behind using a 3-holed sphere is that its Teichmdiller space is reduced to a
point. In this short note, we point out that one can replace the use of this 3-holed sphere by
that of an orbifold whose Teichmiiller space is a point, and then proceed to the proof as in
[15] using the notion of induced representations that we spend some time recalling.

We thank Rémy Rodiac, Andrea Seppi, Peter Smillie and Antoine Song for their interests
and useful remarks.

2. HARMONIC MAPS, MINIMAL SURFACES AND RESULTS OF SONG

2.1. Minimal surfaces. Let X be a closed surface and (M, h) a Riemannian manifold. The
area of a smooth map f : ¥ — M is defined by

A(f) = /Zdvolf*h.

The map f is called minimal if it is a critical point of the area, namely if for any smooth
variation (f);c(—¢¢) We have

d

Sl am=o.

We recall a definition of Robert Gulliver [7], see also Mario Micallef and Brian White for
minimal maps [12]: let P be a discrete subset of X, a branched minimal immersion with branch
locus Pis amap f : . — M which is

e a minimal immersion away from P,

e for every p in P, the map f can be written in local coordinates centered at p as f(z) =
(z%*+1,¢(z)), where d is a positive integer and represents the order of branching, and
moreover, ¢ and dg are O(z%+1).

Remark 2.1. If p is a branched point of order d of a branched minimal immersion, the induced
metric has a conical singularity of angle 27t(d + 1) at p. Such a cone singularity yields a
singularity of the sectional curvature of the induced metric.



MINIMAL SURFACES WITH NEGATIVE CURVATURE IN LARGE DIMENSIONAL SPHERES 3

2.2. Harmonic maps from surfaces. Let (S, g) be a closed Riemannian surface and (M, 1) a
Riemannian manifold. The energy of a smooth map f : S — M s

E(f) = 5 [ Ildf|Pdvol,

where the norm ||df|| is computed using the tensor product metricon TS ® f*TM. The map
f is called harmonic if it is a critical point of the energy, namely if for any smooth variation
(ft)te(—ce) We have

Sl B 0.

Since S has dimension 2, the energy E( f) only depends on the conformal class of g, and so
harmonic maps can be defined on the underlying Riemann surface X = (S, [¢]): a smooth
map f : X — (M,h) is harmonic if and only if the C-linear part df of its differential is
holomorphic.

The notion of harmonic maps is intimately linked with the theory of branched minimal
immersions. The following result due to Robert Gulliver, Robert Osserman and Halsey
Royden [7] is an extension of a classical observation of James Eells and Joseph Sampson [5]
— see also Jonathan Sacks and Karen Uhlenbeck [14, Theorem 1.6].

Proposition 2.2. A map f from X to (M, h) is a branched minimal immersion if and only if it is
harmonic and conformal.

The lack of conformality of a harmonic map f : X — (M, h) is encoded in its Hopf differ-
ential, which is defined by

Hopf(f) = h(af,9f) ,
where hC is the C-linear extension of i. Observe that since df is holomorphic, Hopf(f) is

a holomorphic quadratic differential on X, that is, an element of H(K%). The following
Proposition is a direct consequence of the definition and Proposition 2.2:

Proposition 2.3. A harmonic map f from X to (M, h) is a branched minimal immersion if and only
if Hopf(f) = 0.

Let us observe that the proof of this result is local, so we do not need to assume that X is
closed.

2.3. The equivariant case. In this paper, every group action on a Riemannian manifold will
be by isometries.

Definition 2.4. Let I be a discrete group acting cocompactly on the hyperbolic plane H? and
p be a representation of I' into U(n). The representation p has finite energy if there exists a
p-equivariant map from H? to the sphere S*'~1.

Observe that for n greater than 1 and I’ torsion free, any unitary representation has finite
energy. However, if I' has torsion, a necessary condition for p to be of finite energy is that
any torsion element has a fixed point in the sphere.

Given a smooth equivariant map f, the pointwise norm ||df || is [-invariant, so it descends
to a function on I'\H?. Thus, if T is cocompact, one can define the energy E(f) by integrating
over a fundamental domain D for the action of I':

E(f) = 5 [ ldflPdvol,.
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Subsequently, let
E(p) = inf {E( f)| f: H? — 8*"~1is smooth and p-equivariant} .

Note that we do not care whether I' has torsion or not.

Song obtained in [15, Theorem 1.7] an extension of the classical result of Sacks—Uhlenbeck
[13] in the spirit of [3, 4, 9]. We actually need a version of this result when torsion could be
present:

Theorem 2.5 (SACKS—UHLENBECK, SONG). Let I be a discrete group acting cocompactly on the
hyperbolic plane H2. Let p be a finite energy unitary representation of T in U(n). Then, there exists
a p-equivariant energy minimizing harmonic map ¥ from H? to S"~1,

We just explain here how to modify the proof for group having torsion:
Proof of the extended of Sacks—Uhlenbeck Theorem 2.5. Consider the space
E = {f :H? —» §"7 1| fis C*® and p—equivariant} .
By assumption &, is nonempty so we can find a sequence (f;);en such that

mE(f;) = inf{E(f) | f € &} -

Let D be the discrete set of branched points in H2. Let B be a ball in H?> whose iterates
under I cover H?. Embed &, in the Sobolev space W'?(B,IR*") (recall that the energy is de-
fined on W'?(B,R*")). The sequence (f;)jen is now bounded in W'?(B,IR*") hence weakly
converges by Banach-Alaoglu to . By Rellich-Kondrachov theorem, (f;);cn also strongly
converges in L?(B,R?") to ¢. From that we observe that ¢ is p-equivariant and takes value
in $?"~1 (almost everywhere). Finally i also minimizes locally the energy, away from D.

By lower semi-continuity of the energy, one obtains that Eg\p(¢) < limEp\p(f;), where
Ey is the energy on an open set U. By [6, Section 8.4.3] one gets that ¢ is a weak solution to
the harmonic equation on B \ D. Finally, a classical result of Frédéric Hélein [8] implies that
¢ is a strong solution on B\ D. Using the p-equivariance, we obtain a strong solution i on

H?\ D. Since 9 has locally finite energy on H?, it extends to a smooth harmonic map on H?
by a result of Sacks—Uhlenbeck [13, Theorem 3.6]. O

2.4. Strong convergence. Given a discrete group T, the left reqular representation of I is the
unitary representation

Ar: T — End(#3(T,Q))

defined by (Ar(7)(f)) (x) = f(r~"%).
A sequence (p;)jen of representations with p; : ' — U(Nj) strongly converges to a repre-

sentation p if
vf € Cll lim i (A1 = lleHII

where the norms are the operator norms, and we recall that the operator norm of a linear
operator A is given by sup{||A(u)|| | # € S(#H)}. We also say that two representations p;
and p, are weakly equivalent if

vf e Clr, llos (Ol = llo2 (NIl

By this very definition, if a sequence (p;)je of representations with p; : T — U(N;) strongly
converges to a representation p1, and furthermore p; and p, are weakly equivalent, then
(0j)jen of also strongly converges to ps.
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We finally say a sequence (p;)jen virtually strongly converges with respect to a subgroup T'o
to the regular representation if there is a finite index subgroup I'g such that the sequence
restricted to I'g strongly converges to Ar,

The following is provided by Lars Louder and Michael Magee [11]:

Theorem 2.6 (LOUDER-MAGEE). Let I be the fundamental group of a closed connected oriented
surface of genus at least 2. There exists a sequence (p;)jeN of unitary representations of T in U(n;)
of finite image, that strongly converges to the reqular representation.

2.5. A result of Antoine Song. We need the Main Theorem of Song [15, Theorem 0.4].

Theorem 2.7 (SONG’S CONVERGENCE THEOREM). Let X be a closed Riemann surface. Let
(0j)jen, where p; is a representation of 7t (X) in U(N;). If (p;) jen strongly converges to the regular
representation then,
, T
lim B(p;) = 2 [x(X)].

j—oo 4

Moreover if y; from H? to S?Ni~lisa pj-equivariant energy minimizing harmonic map, then

N 1
jlgg ¥j 8Nt = g8/
where ggy is the round metric on the sphere S¥, gy is the hyperbolic metric on H? and the conver-
gence is in the C* topology.

The following rigidity result [15, Corollary 2.4], strenghtened in [2], is crucial.

Theorem 2.8 (SONG’S RIGIDITY THEOREM). Let X be a closed Riemann surface, H be a Hilbert
space and p be a representation of w1 (X) into U(H) which is weakly equivalent to the reqular rep-
resentation of 71 (X). If there exists a p-equivariant map ¢ from H? to the unit sphere in H whose
energy equals 7| x(X)|, then

. 1
¢ 8s(n) = ggHZ ’

where gg(3y) is the round metric on the unit sphere of H.

Given I a discrete group (possibly with torsion) acting cocompactly on H?, one obtains
an orbifold Riemann surface X = T'\H?. By Selberg Lemma, I' admits a torsion free subgroup
T of finite index [T : Tp]. In particular, the Riemann surface Xy = I'o\H? is smooth and is a
branched cover of X of order [I' : I'y]. The orbifold Euler characteristic X, (X) of X is defined
by

X):= ! X
Xow(X) = m%( 0) -

We now prove the following consequence of Song’s result in the torsion case, which is an
extension of the second part:

Theorem 2.9. Let T be a discrete group acting cocompactly on H2. Let (p;)jen be a sequence of
representations, of I into U(N;), assume that

1) lim E(p7) = 7 [ (T\P))
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Assume furthermore that (p;);en virtually strongly converges with respect to a torsion free sub-
group to the regular representation. Let u; be a pj-equivariant harmonic map from H? to S2Ni—1,
Assume that

. T
lim E(11;) = 7 [xou (T\H2)
]—00
Then
o 1
]ll)r?o u; gszN]-—1 = ggHZ
where the convergence is in the C* topology.

Proof. Let I'g be the torsion free subroup of I' such that (p?) jeN strongly converges to the
regular representation, where p? is the restriction of p; to I'o.
For any j in N, let u? be the harmonic map u; seen as a p?-equivariant map. Observe that

1
E(ud) = = 9112d volyy, =
(u) 2 Jrpee |duj||"d volge

I':T
[ e volye = [ To] B

. 0 . . . o . .
In particular, u ; might not be energy minimizing, but we still have

tim B(u) = [': To] ( lroa(TVB2)]) = Flx(To\B2)
]—00

We claim that this is enough to apply the conclusion of Theorem 2.7 to the closed Riemann
surface I'9\H?. In fact, by embedding each sphere totally geodesically into a fixed infinite
dimensional sphere S(#) in a Hilbert space H, we can consider the sequence (u?) jeN as
taking value in a fixed Riemannian manifold of infinite dimension. For any j, one can find
a unitary transformation #; in U(N;) such that the 1-jet of h; o u? at a fixed point x in H?
remains in a a fixed finite dimensional closed submanifold.

By the upper bound on the energy of (u?) jeN, one can apply Sacks-Uhlenbeck compact-
ness result [13, Theorem 4.4] (which follows from e-regularity, see [15, Theorem 1.8]): there
is a discrete subset D of H? such that (u?) jen converges C* on any compact of H?\ D to
a harmonic map u, of finite energy; by [13, Theorem 4.6]', at any point of D where C*®-

convergence does not hold, one obtains a bubble, that is a nonconstant harmonic map f from
S? to S(H) such that

2) E(ug) +E(B) < lim E(u}) .

]—00
By Theorem 2.7, since (p?) jeN strongly converges to the regular representation of Ty, we
have

. 7T .
lim E(pf) = 7 [x(To\H?)| = lim E(u)
]—00 ]

Since B has positive energy, equation (2) contradicts the above equality. It follows that u2,
is a genuine harmonic map on H? which, by [15, Proof of Proposition 4.4], is equivariant
under a representation weakly equivalent to the regular representation of I'g and satisfies
E(ul) = Z|x(To\H?)|. The proof then follows from Theorem 2.8. O

IThe original proof of Sack-Uhlenbeck holds for compact finite dimensional range. Nevertheless, its proof
only relies on the e-regularity which holds uniformly for all spheres (as pointed out in [15, Section 1.2]).
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Remark 2.10. We will see in Theorem 3.2 that if the sequence (p;) e above is obtained as the
sequence of induced representations of a strongly convergence sequence, then assumption
(1) is automatically satisfied and more can be said.

3. INDUCED REPRESENTATION

Let T be a discrete group acting cocomplactly on H? and Ty a finite index subgroup. In
this section, we apply the construction of the induced representation (details can found in the
book of Robert Zimmer [17]) to our setting. Given a Hilbert space Hy and a representation
po of Ty into U(Hy), this construction produces a new Hilbert space H{j¢ together with a
representation pj¢ of I' into U(#{j) satisfying the following
Theorem 3.1 (PROPERTIES OF THE INDUCED REPRESENTATION). Let I' be a discrete group
acting cocompactly on H2, Ty be a finite index subgroup of T. Given a representation pg of Ty into
U(Ho) for some Hilbert space Ho, the induced representation pg® of T into U(H?) satisfies the
following properties

(1) if Ho has finite dimension, then H§® has finite dimension.
(2) If po has finite image, then pi® has finite image.
(3) If po has finite energy in the sense of Definition 2.4, then p§® has finite energy and

E(op?) <

(4) If (pj)jen is a sequence of unitary representations of To that strongly converges to the regular

representation, then the sequence (p}“d) jeN of induced representations of T virtually strongly
2

converges with respect to I'g to the reqular representation.
As we will prove in Sections 3.1 and 3.2, all of these assertions follow from elementary
considerations. The next theorem, however, uses the first part of Song’s Theorem 2.7.

Theorem 3.2 (SONG’S THEOREM FOR INDUCED REPRESENTATIONS). Let I be a discrete group
acting cocompactly on H? and T a torsion free subgroup of finite index. Let (p?) jeN be a sequence
of unitary representations of To in U(n;) strongly converging to the regular representation. Let
(pi]-“d) jeN be the sequence of unitary representations of I in U(N;) induced by (p}’) jeN- Then

. in 7T
lim E(pjd) = ZXorb(r\Hz) .
]—00

Moreover, if we choose for each j a p'™

j-energy minimizing map u; then

1

lim u¥g onv—1 = =g
j—o0 8Nt T gBH

where the convergence is in the C* topology.

We postpone the proof of Theorem 3.2 until Section 3.3.

2A(:tually, it is well known that in this situation (p}“d) jeN strongly converges to the regular representation. If
the sequence strongly converges, then it virtually strongly converges with respect to any finite index subgroup.

The direct proof presented here is for the sake of the reader.
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3.1. The induced representation. We now describe more precisely the induced representa-
tion. Let I'y a finite index subgroup of I'. Assume that we have a representation pg from I'y
to U(Ho) for Ho some Hilbert space. Define the vector space

Hg':={f:T = Ho |Vyo €To, x €T f(x70) = po(0)f(x)} .
Note that H{“ is a Hilbert space when equipped with the scalar product

1

{fr8)ama = 2Ty

> f), 8w, -

n€lo\l
The induced representation p§ from py is the unitary representation of I into U(H{!) given by

I — Ho,

P {17 = fr7).

Item (2) of Theorem 3.1 follows from

Lemma 3.3. If pg has finite image then so has pgj°.

Proof. It is enough to prove the result when py is trivial. In that case, Hy" is the space of
maps from I' to Ho which are left I'p-invariant. That is, the space of ’Ho-valued maps on
S =To\I'. ThenT acts on this finite set S. Let I'; be the subgroup of I such that for any x in
S, and 77 in I';, we have xy; = x. Note that Iy is a subgroup of I'1, so I'; has finite index in
I'p. In particular, for all y; in 'y, we have pg(y17) = po(y). Thus I't is in the kernel of p§¢
which therefore have finite image. O]

The proofs of items (1) and (4) follow directly from

Lemma 3.4. Let pi be the restriction of pg to T'g. There is an isomorphism of Hilbert spaces

0 : Hg‘d — @ Ho
[[:To]

that intertwines the Io-representations P and @r.r,) po, that is, for any 7o in To we have

md

(70) 007" = P pol(70)
(T':To]

6 o pp

In particular, for any element f in C[To] we have
166° (O = lleo (1 -
where the norm is the operator norm.

Proof. Choose elements 771, ..., 1 in I such that each class in T\ T is represented by a unique
17;- Then we have the following linear isomorphism

g {Hmd — @Drry) Ho
' fo= (fOn), - fm)) -
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By construction, € is an isometry, where the Hilbert product on the left-hand side is defined
so that the diagonal embedding of H is an isometry. Moreover, we have

D po(10)0(f) = D po(10)(f(m), - f (1)
[[:T] [I:To]
= (po(70)f (111), s po(70) f (11k))
= (f(nr0), - f(11x70))
= 0(03"(10)f) ,
Thus, 6 is an intertwiner.
The last statement follows from the fact that, for any endomorphism ¢ of a Hilbert space

H, the operator norm of ¢ & ¢ on H & H, equipped with the direct sum scalar product,
satisfies ||¢ @ ¢|| = [|¢]|. O

3.2. Induced equivariant map. We now prove item (3) of Theorem 3.1, namely

Proposition 3.5. Let T be a discrete group acting cocompactly on H? and T be a torsion free finite
index subgroup of I'. Then the induced representation pg® from any unitary representation py has
finite energy in the sense of Definition 2.4 and

nay <~ B(00)
E(pO ) < [1“:1(20] :

Consider a pp-equivariant map ¢o from H? to S(#,). Thus for any h in H2, ¢o(h) is an
element of H, of norm 1. The induced equivariant map is the map ¢ from H? to 1<, where
@g(h) is defined by

{ r - H
= go(yh).
Observe that since ¢o() has norm 1, then

1
[F . ro]

196 (0) e = 2 Nootrhllh, =1,

€T\l

and so @ takes value in S(H{*). The proof of Proposition 3.5 is a direct consequence of the
following

Lemma 3.6. The map @ is p§-equivariant and its energy satisfies

nay _ E(@0)
E(e8) = o1y

0

Proof. For v in T, the element ¢§(yh) is given by
{ ' — Ho
7= e (n(rh)) -
On the other hand p§?(y) (¢§(h)) is given

{F — Ho
n o= @o((ny)h).
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ind ind

Thus pg*(7v)@g(h) = @§¢(vh) which means that ¢§* is pf
H?, using the identification of Lemma 3.4, we have

@5'(h) = > goon(h),

€T\
> lldyngoll?,

1
[F . ro] 7ETO\T

-equivariant. Then, for any h €

Idnge|I* =

where in the last equation we use that 77 is an isometry of H?. From this it follows that

, 1 .
B(g") = 5 . gl P ol (1)

e ) e (2 ol vols ()

€T\l
1 )
= ST o e Il vl )

= [1“:11"0]]3(%) ’

where the third equality follows from the fact that if Dr is a fundamental domain for the
action of T on H?, its orbit under [o\I is a fundamental domain for the action of I'y. The
result follows. m

3.3. Proof of Theorem 3.2. Let §; be the restriction of pij“d to I'g. By the fourth item of Theo-

rem 3.1, (p;) converges strongly to the regular representation of T'¢. In particular the second
hypothesis of Theorem 2.9 holds. Then, by applying Theorem 2.7 twice, we obtain

lim E(py) = 3 [x(To\F?)],
3) ,11130 E(o?) = E\X(TO\H2)\ :

By item (3) of Theorem 3.1 the induced representatlons have finite energy. By Theorem
2.5, for each j there exists a p“‘d-equlvanant energy-minimizing map u;. In particular, seeing

uj as a pj-equivariant map (denoted by i1;), we get
E(#;) = [I': To]E(xj) = [T : To]E(p}"*) -
Since i; is p;-equivariant, we have E(p;) < E(i;). Using the above equality, this gives

) <EGp).

On the other hand, item (3) of Theorem 3.1 gives
1
ind X

Taking the limit as j goes to infinity gives lim E(p}“d) = Z|Xow(I'\H?)|, thus proving the first
assertion. The sequences (u;)jen and (p;);en satisfy all the hypothesis of Theorem 2.9, thus
we get the result. O
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4. PROOF OF MAIN THEOREM

4.1. A Riemann surface with a large automorphism group. We prove the existence of an
orbifold Riemann surface whose Teichmidiller space is a point. Given a closed Riemann sur-
face Xy, we denote by Aut(Xp) its automorphism group, and by 7 the quotient map from
Xo to the orbifold X := Aut(Xp)\Xo. We prove

Proposition 4.1. There exists a closed Riemann surface Xy of genus greater than 1 with no nonzero
Aut(Xo)-invariant element in H(K%, ).

Let X/ be as in Proposition 4.1, I'g be its fundamental group, and I be the extension of I'y
such that I'\H? = Aut(Xj)\ Xo. Using Proposition 2.2, we have the following corollary:

Corollary 4.2. Every I'-equivariant harmonic mapping is a branched minimal immersion.
Before proving Proposition 4.1, let us first prove a lemma.

Lemma 4.3. Let gy be a meromorphic quadratic differential on X == Aut(Xo)\Xo and D be the set
of orbifold points of X. The pullback 7t*q, to X is holomorphic if and only if g, has at most simple
poles at D.

Proof. The computation is local: around a singular point in D the map 7 is given by z > z”
for some positive integer p. In this coordinate system, we can write g, = z~" f(z)dz®? where
f is a non vanishing holomorphic function. In particular

7T*qo = 2 P f(2F)(dzP)®? = 222 P2 £(2P)dz®2 .
So 7" g is holomorphic if and only if 7 < 1, and the result follows. ]

Proof of Proposition 4.1. Given a closed Riemann surface Xy with automorphism group Aut(Xp),
the quotient X = Aut(Xy)\ Xp is an orbifold with singular points D = pj, ..., pi. By the pre-
vious lemma, any Aut(Xp)-invariant element of H(K% ) is the pullback via the quotient
map 7t : Xo — X of an element of H’(K%(D)).

In particular, if X is an orbifold structure on P! with three singular points D, then the
Aut(Xp)-invariant elements of H°(K%, ) are the pullbacks of elements of H°(K§, (D)). Since
K2, (D) has degree —1, H(K2, (D)) is trivial. O

4.2. Proof of the Main Theorem. Let X be the Riemann surface obtained in Proposition
4.1. Let I'g be the fundamental group of X, and let I be a discrete group containing I'y such
that F\Hz = Aut(Xo)\Xo.

Let (p?) jeN be a sequence of representations of I'g with finite image, strongly converging

to the regular representation. Such a sequence exists by Theorem 2.6. Let p™® denote the rep-

]
resentation of I' induced from p?. Applying the extended Sacks—-Uhlenbeck Theorem 2.5 to

this situation, we obtain a p}“d-equivariant map u; that is harmonic and energy minimizing.
By Corollary 4.2, each u; is a branched minimal immersion. Furthermore, Theorem 3.2

gives

lim u} _1

]gglo Uj gSZNj—l = ggHZ
where the convergence is C®. In particular, for j large enough, u; is free of branch points: by
Remark 2.1 branch points yields singularities of the curvature of the pullback metric. Thus,
for j large enough, u; is a negatively curved minimal immersion.
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Observe also that p}“d has finite image (by item (2) of Theorem 3.1), hence, ker p}"d has
finite index in I'. Let I'; be a torsion-free finite-index subgroup of ker p7*!, which therefore
acts cocompactly on H?, and set

X; =T;\H”.
Then X; is a closed Riemann surface and u; is a minimal immersion of X; in By
construction, the induced metric u;g.n;-1 has negative curvature for j large enough. The
theorem is proved. U

g2N;-1
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